MEXAHHKA CIUIOIIIHblX CPE£ 


BBE^EHHE 

IIohth Bee KoncxpyKUHonnbie MaTepnaabi oSaaaaiOT cbohctbom ynpyrocTH. 
Ecjih BBi3BiBaiOLU,ne ^e(J)opMau,HK) BHeniHHe chjibi He npeBBimaiOT HeKOTOporo 
npe^eaa, to nocae chath^ othx chji ^e(j)opMau,Ha HCHe3aeT. IIpH HaaHHHH 
H^eajibHOH ynpyrocra Teao BOCCTaHaBJiHBaeT cboio cj)opMy h o6beM nocae CHaraa 
B03^eHCTB0BaBHiHx Ha nero Harpy30K. ,ZI,hh ynpyrnx TBepatix Tea cymecTByeT 
0,ziH03HaHHaa annennaa 3aBHCHMOCTB Meac^y HanpaaceHHaMH h a e (}) o p m a huh m h . 
Teopna ynpyrocTH roynaeT aencTBue cna Ha ynpyrne Teaa h onpeaeaaeT 
B03HHKaioiH,He npH 3 tom nanpaacenna h aecJ)opMauHH. Bbibohbi TeopHH ynpyrocTH 
Hcnoab3yiOTca bo mhothx OTpacaax tcxiimkh: CTpOHTeabHOH Mexamnce, 

aapoaHHaMHKe, reoaorHH, eeHCMoaornn, ManiHHOCTpoeHHH. 

B TeopHH ynpyrocTH He pace m aTp n b aeTca aTOMiiaa CTpyKTypa Teaa. 
CnHTaeTca, hto MaTepnaa ynpyroro Teaa oaHOpoaeH h HenpepbiBHO pacnpeaeaeH 
no BceMy oobeMy Teaa, Tax hto caMbiii Maabin (SecKoneHiio Maabin) 'TieivienT, 
Bbipe3aHHbiii H3 Teaa, ooaaaaeT tcmh ace (J)H3HHecKHMH CBOHCTBaMH, hto h Bee Teao. 
3to no3BoaaeT Hcnoab30BaTb MaTeMaTHHecxHH annapaT aHaaH3a HenpepbiBHbix 
cj)yHKu,HH : aHcJ)cJ)epeimHaabiioe, HHTerpaabHoe, Bapnau,noHHoe HCHHcaeHne, 

BexTOpHbiH h TeH30pHbiH aHaaH3. 

ynpomenna mhothx paccyacaeHHH oyaeT Hcnoab30BaHO npeanoaoacenne 
06 H30TponHOCTH Teaa, T.e. npeanoaoaceHHe o paBeHCTBe ynpyrnx xapaxTepHcrax 
no BceM nanpaBaeiiHHM. KoHCTpyxiiHOHHbie MaTepnaa bi He BnoaHe yaoBaeTBopaiOT 
npeanoaoaceHHaM 06 oahopoahocth h H30TponHOCTH. O^Haxo onbiT 
Hcnoab30BaHHa pemeHHH TeopHH ynpyrocTH noica3biBaeT hx Bbicoxyio TOHHOCTb. 
3to CBH3aHO c oneHb MaabiM pa3MepOM KpncTaaaoB (3epeH). HecMOTpa Ha to, hto 
ynpyrne xapaxTepHCTHXH KpncTaaaoB b pa3Hbix nanpaBaennax MoryT pasaHnaTbca, 
xaoTHHecKoe pacnoaoaceHHe KpncTaaaoB no3BoaaeT ^aa flocTaTOHHO Soabuinx 
oobeMOB MeTaaaa ycneniHO Hcnoab30BaTb ycpeanemibie xapaxTepHCTHXH. IloKa 
reoMeTpHnecKHe xapaxTepHCTHXH paccMaTpHBaeMoro Teaa ^ocTaTOHHO BeanKH no 
cpaBHemno c pa3MepaMH o^hoto KpHCTaaaa, npe,nnonoaceHHe 06 oahopoahocth 
MoaceT npHMeHHTbca c bbicokoh CTeneHbK) tohhocth. Tohho Tax ace MaTepnaa 
MoaceT paccMaTpHBaTbca xax H30Tpomn>iH, ecan ero xpHCTaaabi opneHTHpOBaHbi 
caynaHHbiM o6pa30M. 



Ecjih ace BCJie^CTBHe Taraix TexHOJiorHHecKHx npoueccoB, icaic npoxaTKa, b 
MeTajiae ripeooaaaaeT Kaicaa-TO oripeaeaeimaa opneiiTauna KpHCTamiOB, ynpyrne 
xapaKTepHCTHKH MeTaajia b pa3HBix iianpaBaennax CTaiiOBaTca pa3HHHHbiMH h 
caeayeT yHHTbiBaTb aHH30TponHK) MeTaaaa. 

H30TponHOCTb cnaoiHHoii cpeau CBa3aHa c CHMMeTpHeii ee cbohctb. Ynpyrne 
CBOHCTBa H30Tp0HH0H CpeaM He 3aBHCaT OT BblSopa CHCTeMbI KOOpaHHaT, 
Hcnoab3yeMon aaa ee onncaHna. AHH30TponHbie MaTepnaabi MoryT HMeTb 
HecKoabKO naocKOCTen cnMMeTpnn nan He HMeTb hx BOBce. Echh cpeaa oSaaaaeT 
TpeiVlH B3aHMHO II 6 p I I 6 I I H H K y 3 a p 1 1 b I M H naOCKOCTaMH CHMMeTpHH, TO OHa iiaabiBaeTca 
opTOTponHoii. IlpHMepOM opTOTponHoro MaTepHaaa MoaceT eayacHTb ancTOBOH 
MaTepnaa, rioayHeiiiibin npoicaTKOH. 

Ecan b nanpaBaeiinax asyx oceii CBOHCTBa MaTepnaa a He pasaHnaiOTca, to 
MaTepnaa naabiBaeTca TpaHCBepeaabHO H30TponHbiM. IIpHMeHHTeabHO k ancTOBOMy 
MaTepnaay 3to 03HanaeT, hto b HanpaBaeHHH ToanpiHbi CBOHCTBa OTannaiOTca ot 
cbohctb b naocKOCTH ancTa; b naocKOCTH ancTa (Baoab aamibi h HinpHHbi) 
CBOHCTBa oaHHaKOBbi. ^pyrHM xapaKTepHbiM npHMepOM TpaHCBepeaabHO 
H30TponHoro Teaa aBaaeTca hhtb nan npOBoaoxa c oceBOH CHMMeTpneH cbohctb. 

Teopna ynpyrocTH BKaionaeT b ee6a caeayiomne ocHOBHbie HanpaBaeHHa: 

- MaTeMaTHnecKaa Teopna ynpyrocTH, b KOTOpon paapaSaTbi BaiOTca Tomibie 
cnocoSbi pememia 3aaan, 

- npHKaaanaa Teopna ynpyrocTH, b KOTOpyio BBoaaTca ynpomaiomne aoriymciiHa 
h iioayHaiOTca oaaroaapa 3TOMy npH6anaceHHbie pcLnciina, 

- conpOTHBaeHHe MaTepnaaoB, b kotopom paccMaTpHBaiOTca eipe 6oaee npocTbie, 
name Bcero, oaHOMepHbie 3aaanH. 

CymecTByiOT ynpyrne Teaa, aaa KOTOpbix cbasb Meacay HanpaaceHHaMH h 
a e cj) o p m anna m h aBaaeTca HeanHeiiHOH. Heamiennaa Teopna ynpyrocTH 

paccMaTpHBaeT 3aaanH o nanpaaceiinax h ae(J)opMau,Hax Taraix Tea. 

Ecan nocae OHaraa Harpy3KH Teao He B03Bpam,aeT cboh ncxoaHbie pa3Mepbi h 
o6beM, to 3to 03HanaeT, hto Teao npoaecj)opMHpOBaHO naacTHHecrai. Teopna 
naacraHHOCTH onpeaeaaeT HanpaaceHHO-aecfrapMHpOBaHHoe cocToamie, 
B03HHKaK)H],He b npopecce naacTHHecKoii aecjDOpMau,HH. IIoaoSHO Teopnn ynpyrocTH 
Teopna naacraHHOCTH BranonaeT b ce6a m aT e m aTH h e ck y i o TeopHK) naacTHHHOCTH, b 
KOTOpoii pa3pa6aTbiBaiOTca CTporne MCToabi pememia saaan naacraHHOCTH, h 
npHKaaaHyio Teopmo naacraHHOCTH, b KOTOpon pa3pa6aTbiBaiOTca ynpomemibie 
MeToati pemeHHa 3aaan. 



Cbiob MOK/iy n a n p h >k e n h h m ii h a e (}) o p m a u . h h m ii b npouecce miacTHHecKOH 
^e^opMapHH He aBJiaeTca jihhchhoh. IIosTOMy mcto/jhhcckh Teopna njiacTHHHOCTH 
TecHO CB3i3aHa c hcjihhchhoh TeopHeii ynpyrocra. Mcto^bi h pemernM TeopHH 
njiacTHHHOCTH ne>KaT b ocHOBe Kypca TeopHH o6pa6oTKH MeTajuiOB flaBJiemieM. 

1. HanpH5KeHHo-fle(j)opMHpoBaHHoe coctohhhc. 

1.1. HanpHtfceHHH. 

IlycTB Teno Haxo^HTca b coctouhhh paBHOBecmi nofl fleiicTBHeM BHeniHHx chji 
Pi, P 2 , . ..P n . Ilofl ^eHCTBHeM BHeniHHx chji BHyipn Tejia B03HHKaiOT BHyrpeHHHe 
CHJIBI B3 a II M OaeHCTBHH MC/K/iy HaCTHMH TCJia. HT 06 bI HCCJieflOBaTB 3TH CHJIBI B 
np0H3B0JibH0H TOHKC O, MticjieHHO pa3^ejiHM Tejio nonepeHHbiM ceieiiiieivi mm, 
npoxo 7 T 5 HTT HM Hepe3 TOHKy O, Ha ^Be nacTH A h B. PaccMaTpHBaa o^Hy H3 sthx 
nacTeii, HanpHMep, A, mo>kho yTBep 5 K^aTb, hto OHa HaxoflHTCii b paBHOBecHH no# 
fleiiCTBHeM BHeniHHx chji Pi, P 2 , P 3 h BHyipeHHHx chji, pacnpeflejiemibix no 
nonepenHOMy ceneHHio mm h npe^CTaBJiaiomHx fleiicTBHe MaTepnajia nacTH B Ha 
MaTepnaji nacra A (pHC.1.1). npe^nojimKHM, hto 3th chjibi HenpepbiBHO 
pacnpeaeaeiibi no moma/m cchciihh mm rionooiio TOMy KaK paciipeaeaHiOTCH no 
nOBepXHOCTH THflpOCTaTHHeCKOe /jaBHCIIHC HJIH CHJia BeTpa. BeJIHHHHbl TaKHX chji 
npHHHTO onpeaeaaTb hx hhtchchbhoctbio, T.e. bcjihhhhoh chjibi, othccchhoh k 
e/miiime moma/m, Ha KOTOpyio ohh jieiiCTByiOT. Hhtchchbhoctb BHyipeHHHx chji 
Ha3biBaeTca HanpiDKeHHeM. 



B paccMOTpeHHOM cjiynae HanpiDKemie pacnpeflejieHO no nonepenHOMy 
cencHHio paBHOMepHO. B o6meM cjiynae, hto 6 bi nojiynHTb BejiHHHHy iianpa>Keiiiifl 




Ha HeKOTOpofi Majioii naomaaKe dF BOKpyr tohkh A, rae aeiiCTByeT 
pe3yjiBTHpyiOH;aa CHJia dP, neooxoamvio HenpepBiBHO yiYieiibwaTb naomaab 

aaeMeHTapHoii naoipaaKH. IIpeaeabHoe OTHomeHHe — aaeT BeaHHHuy Hanpaacemia, 

dF 

aeiiCTByiomero b nonepeHHOM cenemiH mm b Tomce O. IIpeaeabHoe HanpaBaeHHe 
pe3yabTHpyK>m,eH dP aBaaeTca HanpaBaeHHeM HanpaaceHHa b paccMaTpHBaeMOH 
TOHKe. B odmeM cayaae BeKTOp HanpaaceHHa HaKaoHeH k naomaaKe dF, Ha KOTOpoii 
oh aeiiCTByeT, h ero mo>kho pa3aoacHTb Ha aee KOMnoHeHTbi: Ha HOpMaabHoe 
Hanpaacemie, riepneiiaHKyaapnoe naomaaKe, h Ha KacaTeabHoe Hanpaacemie, 
aeiiCTByiomee b naocKOCTH naomaaKH dF. 

1.2. 06o3HaHeHHH a-Jin CHa h HanpnaceHHH. 

CymecTByeT asa Biiaa cna, KOTOpbie Moryr B03aeiicTB0BaTb Ha Teao. Cnabi, 
pacnpeaeaeHHbie no noBepxHOCTH Teaa, naibiBaiOTca noBepxHOCTHbiMH cnaaMH. 
Cnabi, pacnpeaeaeHHbie no Macce Teaa (cnabi Taacecra, iniepmm, MamHTHbie), 
naibiBaiOTca MaccoBbiMH cnaaMH. 

IloBepxHOCTHaa cnaa, OTHecemiaa k eamnm,e naoipaan, MoaceT 6 biTb 
paaao'/Kena Ha Tpn KOMnoHeHTbi, napaaaeabHbie aeKapTOBbiM KOOpaHHaTHbiM ochm 
x, y, z. 06o3HanHM hx X , Y , Z . MaccoBbie cnabi, OTHeceHHbie k eamiHii,e odbeMa 
h Ha3biBaeMbie odbeivinbiMM cnaaMH, pa3aoacHM Ha Tpn KOMnoHeHTbi h 0603 nan hm 
X, Y, Z. 

EyKBoii a 6yaeM o6o3HanaTb HOpMaabHoe Hanpaacemie, a SyKBoii x - 
KacaTeabHoe. 

HanpaaceHna b Teae 6 yaeM xapaKTepH30BaTb hx npoeKmiaiviM Ha 
KOOpamiaTHbie och. CeHeime Teaa MO>Kno BbionpaTb npOH3BoabHO. B SoabimiHCTBe 
caynaeB yaoono paccexaTb Teao n a o c k o ct a m m , n e p n e na h Ky a a p n bi m h ochm 
KOO paHHaT. Ecan ceHeime iiepnenaHKyaapno och x, to npoeKii,HH noaHoro 
Hanpaacemia Ha och KOOpamiaT 6 yayr a xx , x xy , x xz . IlepBbiH HHaeKC noKa3biBaeT 

HanpaBaeHHe HOpMaan k paccMaTpHBaeMOH naocKOCTH, BTOpoii - HanpaBaeHHe 
KOMnoHeHTbi HanpaaceHHH. HopMaabHoe nanpa’/Keime aeiiCTByeT b HanpaBaemiH 
HOpMaan k naomaaKe, nooTOMy 06 a HHaeKca oamiaKOBbi. 

BbiaeaHM ceneHHaMH, n e p n e n a h k y a a p n b 1 m h KOOpaHHaTHbiM ocaM, oecKoneHiio 
Maabiii odbeM Teaa b BHae Ky6a nan npaMoyroabHoro n ap aaa ea e n 11 11 eaa. 3aMeHaa 
aeiiCTBHe OTSpomemiOH nacra cooTBeTCTByiomHMH cnaaMH h Bbipaacaa nocaeamie 
nepei npoeKii,HH HanpaaceHHH Ha KOOpamiaTHbie och, noaynHM caeayiomyio 
CHCTeMy cocTaBaaiomHx HanpaacemiH, xapaKTeproyioiimx oecKoneHiio Maabiii 
odbeM b OKpecTHOCTax tohkh O 
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COBOKynHOCTB 3THX fleBMTH BCJIHHHH HOCHT Ha3BaHHe Teroopa HanpaaceHHH. 

1.3. KoMnoHeHTbi HanpH/KeHiiii. 

Ha pHC.1.2 roodpaaceHa CHCTeMa cna, aeiiCTByiomHx b mecra naocxocTax 
Bbiaeaemioro aaeMeHTapHoro odbeMa. Ha Bcex inecTH naocicocTax aeiiCTByiOT 18 


cocTaBaaK)iu,Hx HanpaaceHHH, KOTOpBie aBaaiOTca BHemHUMH cnaaMH no 
OTHomeHHK) k paccMaTpHBaeMOMy oSbeMy. KpOMe noBepxHOCTHbix cna Ha aaeMeHT 
^encTByiOT odbeMHbie cnabi, nponoppnoHaabHbie Macce Teaa. 



Pnc. 1 .2 CncTeMa HanpaaceHnn b MaaoM aaeMeHTe dx x dy x dz 
Hanpaacemia, B03HHKaK>mne b Teae noa ^encTBHeM BHeniHnx cna, b o6ih,cm 
caynae paianHiibi b pa3Hbix ero TOHKax, T.e. ohh aBaaiOTca c})ynKUHaMH KOopamiaT. 
noaTOMy npn nepexoae ot oaHon rpami aaeMeHTapHoro xy6a k apyron 
cooTBeTCTByiomHe HanpaaceHna H3MeHaiOTca Ha Maayio BeaMHMiiy. 

npeanoaoacHM, hto Teao HaxoaHTca b paBHOBecHH. Toraa a-Jifl xaacaoro ero 
laeivienTa yaoBaexBopaiOTca 6 ycaoBHH CTamaecKoro paBHOBecna: cyMMa npoeKu,HH 
Bcex cna Ha Kaacayio H3 Tpex oceii KOOpaHHaT paBHa nyaio h cyMMa momciitob Bcex 
cna OTHOCHTeabHO KaacaoH H3 oceii Taicace paBHa Hyaio. 

PaccMOTpHM, HanpHMep, cyMMy momchtob Bcex cna, aeiiCTByiomHx Ha 
aaeMeHT Teaa, OTHOCHTeabHO och z. npHp aBHHB aa cyMMy momchtob OTHOCHTeabHO 
och z Hyaio, noayaaeM: 



(T yx + dx yx )dxdydz - (x xy + dx xy )dxdydz - (a y + da y )dxdzy + (a x + dajdydz^ 

- cj dydz— + ct dxdz— = 0 
x 2 y 2 

ITocne npHBe^eHiM noaodHbix HMeeM: 

(x yx - x xy )dxdydz + (dx yx - dx xy )dxdydz - da y dxdz^ + da x dydz^ = 0 


OTdpacbiBaa TpH nocaeaHHx naeHa stoto paBeHCTBa Kaic BeaHHHHbi, Maabie no 
cpaBHeHHio c nepBtiM hjichom, nojiynaeM: x yx - x xy = 0 . 

npnpaBHHBaa HyjiK) cyMMy momciitob chji OTHOCHTejiBHO flByx apyrnx ocen, 
nonynaeM: x -x =0; x -x =0. 

J yz zy 7 zx xz 

H 3 3thx ypaBHeHHH caeayeT, hto Ha asyx nepnenaHKyaapnbix apyr apyry 
rpanax KydnnecKoro aaeivieHTa KOMnoHeHTBi KacaTeabHoro nanpaacenna, 
nepnenaHKyaapiibie jihhhh nepecenemia sthx rpaHen, paBHbi Meacay codon: 

x = x ; x -x ; x =x . 

yx xy 7 yz zy 7 zx xz 

3th cooTHomeHna BbipaacaiOT 3aKOH B3anMHOCTH (conpaacemiocTH) 
KacaTenbHbix HanpaaceHHH. IIonapHoe paBeHCTBO KacaTeabHbix HanpaaceHHH 
noKa3biBaeT, hto Hanpaacemioe cocToaHne Teaa b caMOM odmeM Bnae MoaceT dbiTb 
oxapaKTepH30BaHO mecTbK) BeannHHaMn: TpeMa HOpMajibHbiMH n TpeMa 

KacaTeabHbiMH cocTaBaa io mo m h HanpaaceHHaMH. 

ITpn pemeHHH paaa aaaan Teopnn ynpyrocTH n naacTHHHOCTH yaodno 
nojn>30BaTbca pnanHapHnecKon chctcmoh KOOpanHaT. B stom caynae H3 
pnanHapnaecKoro Teaa BbiaeaaiOT aaeMeHTapHbin odbeM KanHOodpa3Hon (J)opMbi, 
orpaHHneHHbin neTbipbMa naocKOCTaMH n aByMa n h a h n ap h h e ck h m h 
noBepxHOCTaMH (pnc.1.3). 3aMeHaa aencTBne OTdpouieHHon nacra Teaa 
eooTBeTCTByiomHMH cnaaMH n Bbipaacaa nocaeaHne nepe3 npoeKu,nn HanpaaceHHH 
Ha KOOpanHaTHbie och, noaynHM caeayiomyio eoBOKynHOCTb aeBaTH BeanHun, 

CT 
X 
X 


pp 

T pe 

T pz 

e p 

CT ee 


zp 


°zz 


xapaKTepH3yiOH],Hx HanpaaceHHoe cocToaHHe b nan non tohkc Teaa: 




3aK0H napHOCTH xacaTentHBix HanpjDxeHHH aariHCbiBaeTca a Jia aamioro cjiynan 
^ P 0 — ^ 0 P 

b BH^e: t 9z = t z6 > 


1.4. BejiHHHHbi, xapaKTepH3yiomHe fletjjopMapHio Tejia. 

3aKpenHM cnaomHoe Teao Tax, hto6bi oho He Mor.no nepeMemaTBcn b 
npocTpaHCTBe KaK aScomoTHO >xecTKoe. Toraa nepeMememin jho6oh ero tohkh 
6yayr nBnnTBC a cjieacTBHeM tojibko ae(J)opMau,HH Tejia. IlepeMemeHHn Tonex Tejia 
oyneM xapaKTepH30BaTB hx npoexipniMH Ha och KOopannaT. Ecjih Tonxa A 
nepeMecTHnact. b nojio>xeHHe A| , to npoeKu,HH BeKTOpa nepeMememin AA L Ha och 
KOOpaHHaT o6o3HaHHM U, V, W. 

BbiaejiHM H3 Tejia oecKonenno MajiBiii 3JieMeHT b BHae xy6a hjih 
npaMoyrontHoro napanjiejienHneaa. B pe3yjibTaTe ae(j)opMau,HH nanna ero pe6ep 
H3MeHHTcn h yrjiBi Me >Kay peopaMM 6yayr OTJiHHaTE.cn ot npnMBix. PaccMOTpHM 
aecj)opMau,HK) oaHOH H3 rpaHeii napajuiejienHneaa, HanpHMep, Jiaxameii b 
nnocKOCTH xOy (pHC.1.4). npn ae(|)opMau,HH Tonica A nepeMemaeTcn b nojionceHHe 
Ai. KoMnoHeHTBi BeKTOpa nepeMememifl AA| 6yayT uhv. 

IlocKOJibKy paccMaTpHBaeTcn ae(J)opMau,Hn HenpepBiBHoro (cnaoniHoro) Tejia, 
BexTOp nepeMememin h ero cocTaBJimomHe no ocam xoopaHHaT nBnniOTcn 
HenpepBiBHBiMH cj)yiiKHHHMH xoopaHHaT. OTcioaa cjieayeT, hto nan tohck, coceaHHx 
C TOHKOH A (B H C), KOMnOHeHTBI BCKTOpOB nepeMeiH,eHHH 6yayT COOTBeTCTBeHHO 
cjieayiomHMH: 




, <9u , 5u , 5u , 

u + du = u + — dx + — dy + — dz 
dx dy dz 

, dv , 5v , d\ , 

v + dv = v H dx H dy H dz 

<9x <9y dz 


ToHKa C jie)KHT b oahoh nnocKOCTH c tohkoh A h Ha npaMoii, napajiaejibHOH 
och x. IloaTOMy npH nepexo^e ot tohkh A k tohkc C HMeeM dy=0 h dz=0. IloaTOMy 
KOMnoHeHTBi BeKTOpa nepeMemciiHa CCi 6yayT: 


du , 

u H dx 

dx 


dv , 

v H dx 

dx 


ToHKa B jie)KHT b oahoh naocKOCTH c tohkoh A h Ha npaMoii, napajiaejiBHOH 
och y. IloaTOMy npH nepexoae ot tohkh A k tohkc B HMeeM dx=0 h dz=0. IloaTOMy 
KOMnoHeHTBi BeKTOpa nepeiYiemenna BBj 6yayT: 


du , 

u H dy 

dy 

dv , 

V + — dy 
dy 



Phc. 1.4. ,Z],e(j)opMau,Ha rpaHH 3JieMeHTapHoro odbeMa b hjiockocth xOy. 

C tohhoctbk) flo SecKOHeHHO Majibix Bbicmero nopa^Ka OTHOCHTeabHoe 
yfljiHHeHHe pedpa AC cocTaBJiaeT: 



A ^ A ~, (u + — dx + dx - u) - dx - 

£ = A,C 1 -AC = V g x = du 

AC dx dx 

OTHOCHTejitHoe y^JiHiieiiHe pedpa AB aiiaaorMHiio 

dv 

a o ad (v + — dy + dy-v)-dy 
AjBj-AB dy _dv 

yy AB dy dy 

TaHreHC yraa noBOpOTa pedpa AB b idiockocth xOy: 

du 

dy 


tg a 


du , 

u H dy - u 

dy 


dv 


vH dy + dy-v 1 + 

dy dy 


du 

; tgcc = a = — 
dv dy 


TaHreHC yraa noBOpOTa pedpa AC b naocKOCTH xOy: 

dv 


tg^ = 


dv , 

VH dx - V - 

^ = dx . t P^B = — 

du da' gP ~ P dx 

UH dx + dx-u 1H 

dx dx 

TaKHM odpa 30 M, OTHOCHTejiBHBiH ca but, T.e. HCKaaceHHe ripaMoro yraa BAC 

n du dv 

y =a + B = h — 

xy dy dx 


He aeaaa BBiKJianoK, npn noMomn KpyroBOH nepecTaHOBKH hhuckcob, mo>kho 

3anHcaTB BBipaaceHHa yanHiienHH h caBuroB bo Bcex KOopawiaTiibix naocKOCTax: 

du dv du 

1 

dx dy 


s = — :y = h 

xx " / xy /-> 


dv dw dv 

s = — ;r = h — 

yy dy y dy dx 

dw du dw 

s = — ;y = 1 

dz dz dx 

^eBaTB BenHHHH odpa 3 yiOT TeH 30 p aecjiopMaHuu: 
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Anaaornmio KacaTeabHbiM HanpaaceHnaM chehim nonapHO paBiibi. IIoaTOMy 
jx e cj) o p m h p o b a n n o e cocToanne b tomkc Tea a xapaicreproyeTca mecTBK) 
KOMnoHeHTaMH : s , s , s , y , y ,y . 

xx ’ yy ’ zz ’ / xy 5 / yz ’ / zx 


IIpH HCcae^OBaHHH nepeMemeHHH b noaapHoii CHCTeMe KOOp^HHaT o 6 o 3 HaaHM 
nepeMememia b pa^HaabHOM h OKpyacHOM HanpaBaeHHax aepe 3 u h v 
cooTBeTCTBeHHO. Echh u - pamiaabHoe nepeMemeHHe ctopohbi AD aaeMeHTa ABCD 

<3u 

(pHC. 1.5), to pa^HajibHoe nepeMemeHHe ctopohbi BC paBHO u + — dp. 

dp 


dxx 

OTHOCHTeabHoe yaanneiiHe saeivienTa ABCD b pan naa biigm HanpaBaeHHH s = — . 

m dp 

/)e(})opMaHHH b OKpyacHOM HanpaBaeHHH saBncaT He tohbko ot nepeMemenna 
v, ho h ot pa^naabHoro nepeMememia u. Echh tohkh A h D aaeMeHTa ABCD 
HMeiOT ToabKO pa^naabHoe nepeMemeHHe u, HOBaa ^aHHa ^yrn AD paBHa 
(p + \x)dO. OTCKma OKpyamaa ^ecj)opMau,Ha onpe^enaeTca BbipaacemieM: 
{p + \x)d9 - pdO _ u 

P 


pdO 


< 3 v 


Pa 3 HOCTb OKpyacHbix nepeMemeHHH ctopoh AB h CD paBHa — d 0 , a 

dO 


OKpyamaa ^e(j)opMau,Ha, Bbi 3 BaHHaa nepeMemeHHeM v, cooTBeTCTBeHHO paBHa 


dv 

pdO 


OTCioaa OKpyamaa aecJiopMauHa noaynaeTca cyMMHpOBaHHeM aByx cocTaBaaiomux 


u 

6 ee ~ ~ + 


dv 


p pd6 



Phc. 1.5 . ^ecj^opMapna rpaHH b noaapHbix KOopamiaTax. 

P accMOTpHM ^e(J)opMau,HK) CflBHra, noaaraa, hto aaeMeHT ABCD nocae 
ae(})opMauHH aanaa noaoacemie A'B'C'D'. Yroa Meamy nanpaBaeiiHaMH AD h 



A'D', CBjnaHHBiH c paflnajiBHBiM nepeMememieM u, paBeH 


<9u 

pdO 


(pHC.1.5). Yroji 


MOK^y AB h A'B' paBeH — . CnenyeT otmcthtb, hto BKJian b necJjopiYiamiio c^BHra 

dp 

bhocht tojibko nacTB stoto yrjia (3aTeMHeHHaa Ha pHC.1.5), Tor^a k A npyraa ero 
v 

nacTB, paBHaa — , npencTaBJiaeT yriiOBoe nepeMememie, CBinamioe c BpameHHeM 
P 


3JieMeHTa ABCD KaK aScomoTHO >KecTKoro Tejia othochtcjibho och, npoxonameii 
nepe3 TOHKy O. CnenoBaTejiBHO, o6mee H3MeHeHHe yraa, npencTaBJiaiomee co6oii 

<3u <9v v 

fle(|)opMau,HK) CflBHra, onpeneJiaeTOi (J)opMyjiOH y „ = 1 

' pdO d6 p 

B cjiynae H,HJiHHflpHHecKOH chctcmbi KOopannaT OTHOCHTejiBHBie ynJiMiieniifl h 
chbhth xapaKTepH3yiOTCH cjienyiomHMH cooti io me ii h h m h : 

<3u <3u dv v 


s 


pp 


s 


00 


dp 

u dv 

= 1 

p pdO 

<3w 


y „ — 1 

' pdO dp p 

d\ <3w 

dz pdO 
<3u 3w 


( 1 . 2 ) 


s = — y ^ 

dz dz dp 

B 3aKJiK)HeHHe nannoro naparpa(J)a oSpaTHM BHHMaHHe Ha to o 6 cto a tc a b ctb o , 
hto nojiyneHHBie 3necB paBeHCTBa cnpaBenJiHBBi tojibko a jih cjiynaa MajiBix 
fle4)0pMaU,HH. 3T0 CBH3aH0 C TCM oSCTOHTeJIBCTBOM, HTO npH BBIBO^G COOTHOHieHHH 
flJIH KOMnOHeHT ne(})OpMaHMM SeCKOHeHHO MaJIBie BCJIHHHHBI BBICHIHX IIOpaHKOB 
OTSpaCBIBaJIHCB. 


1 . 5 . CBH3b Me^Kfly HanpHiKeHHHMH H /jetjiopMaiiiiHMM. 

JlHHeiiHBie coothoihchhh Me>KHy KOMnoHeHTaMH nanpa’/KeiiHH h 

KOMnoHeHTaMH Hec})opMauHH Ha3BiBaiOT iiiKOHOM ryKa. IIpeflCTaBHM ce6e 
3JieMeHTapHBiH npaMoyrojiBHBiH napajuieaeiiHiie/i c rpanaiviM, napajuiejiBHBiMH 
KOOpflHHaTHBIM nJIOCKOCTHM, nOflBep5KeHHBIH HeHCTBHK) HOpMaJIBHOTO HanpH5KeHHH 
o x , paBHOMepHO pacnpe^ejieHHoro no HByM npOTHBonojiomiBiM rpaHHM, KaK 3 to 
HM eeT MecTO npH pacTiDKemiH. BnjiOTB ho hocth^kchhh npenena 

nponopu,HOHajiBHOCTH OTHOCHTejiBHoe ynjiHHeHHe 3JieMeHTa naeTca (f)opMynoH 



r,zie E - MOflyjit HOpMajitHOH ynpyrocTH. J\rk CTajiH MOflyjiB ynpyrocTH npHMepHO 
paBeH 2xl0 5 Mila. 

Y^jiHHeHHe ajieMeHTa b HanpaBJieHHH och x c o n p o b o >K,a ae t ch cy'/KcnneM b 
nonepeHiiOM HanpaBJieHHH, onpeaeaaeMbiM KOMnoHeHTaMH aecjjopMauHH 


r^e v - K03cji(J)Hu,HeHT IlyaccoHa. ^jui KOHCTpyKu,HOHHBix MaTepnajiOB oh HMeeT 
3HaneHHe, 6nH3Koe k 0,3. IIpH cucaTHH MO^yjiB ynpyrocTH h K03c|)e|)MmienT 
IlyaccoHa hmciot Te >Ke mane iiiia, hto h npn pacTiDKemiH. 

Ecjih 3JieMeHT no^BepraeTOi oflHOBpeMeHHOMy ^chctbhio HOpMajiBHBix 
HanpiDKeHHH o x , o y , o z , paBHOMepHO pacnpe^ejieHHBix no ero rparoiM, to 
iiojiyHaiomiiecfl b pe3yjiBTaTe najio'/Kemifl KOMiioneiiTBi ae(})opMauHH onpeaeaaiOTCH 
COOTHOHieHHUMH: 


=^k -v(cr y +cr z )] 

LL 

S y =^[c7 y ~v(CT z +(7j] 7 (1.3) 

Cj 

= ^k -V(0- x +<J y )\ 

LL 


3th CO OTHO HieHHH nOflTBep>KflaK)TCa MHOTOHHCJieHHBIMH 

3KC nepHMCHTaJIBHBIMH H 3 M C p C II II H M II . B TCOpHH ynpyTOCTH naCTO HCn03B3yCTCH 
npHMeHeHHBiii 3aecb mctoh naao'/KCiiMH, hjih cynepnojunuu, rjik OTBiCKaniiH 
JX e (}) O p M a HUH, BBI3BaHHBIX HCCKOJIBKHMH CHJiaMH. Oh HB3HCTCH 3aKOHHBIM JIO TCX 
nop, noxa ^e(J)opMau,HH MajiBi, a cooTBeTCTBytomne hm MajiBie nepeMememni He 
bjihuiot cymecTBeHHO Ha ^eiiCTBHe bhcihhhx chji. 3to no3BOJiaeT npeHeSperaTB 
M3JIBIMH H3MCHCHHHMH pa3MepOB H e (}) O p M II p y C M O V O TCJia, a TaK’/KC M3JIBIMH 
nepeMemeHHMMH tohck npnjio>KeHHii bhcihhhx chji, h ocHOBBiBaTB bbihhcjichhh Ha 
HanajiBHBix pa3Mepax h HanajiBHoii (fjopivie Tejia. nojiyiaiomiiecfl b pe3yjiBTaTe 
nepeMememni mo>kho Haxo^HTB c noMomBio cynepno3Hu,HH b BH^e jihhchhbix 

fjiyHK TT HH BHCIHHHX yCHJIHH. 

3aBHCHMOCTH MC/KJiy yflJIHHCHHUMH H HOpMaJIBHBIMH HanpH^KCHHUMH 
nojiHOCTBio onpeaeaaiOTCH /myivni cJjhjhhcckhmh KOHCTaHTaMH E h v. Te >xe 
KOHCTaHTBI OnHCBIBBIOT 3aBHCHMOCTH MC/KJiy R C (}) O p M a H II H M II CBHTa H KaCaTCJIBHBIMH 
HanpajKeHH^MH . 

P accMOTpHM nacTHBiii cjiynaii aecJjopiviaHMH npuMoyrojiBHoro 

napajuiejienHnefla, Kor^a o y =o, o x =-a, o z =0. BBipoxeM sjicmcht ABCD 



iuiocKOCTflMH, napajiJiejiBHtiMH och z h naKaonemibiMM non yrnoM 45° k ochm x h y. 
Kax caenyeT H3 ycaoBHa paBHOBecna saeMeHTa OBC (pnc. 1.6), HOpMaabHbie 
HanpanceHHa Ha Bcex rpanax aaeivieHTa ABCD paBiibi HyjiK), a KacaTejibHbie 


HanpaaceHHa r = 



ct )-cr 

x ' 


(1.4) 


TaKoe nanpa’/Kennoe cocToanne nasbiBaeTCH hhctbim caenroM. YnnMnenne 
BepTHKajibHoro 3JieMeHTa OB paBHO yKOpoaeHHio ropH30HTaabHbix 3JieMeHTOB OA 
h OC, OTKyaa caeayeT (ecnn npeneopenb MaabiMH BeanMnnaMM BTOporo nopa^xa), 
hto aaniibi OTpe3KOB AB h BC npH necf)opiviaHMM He M3ivieimoTca. Yroa Meacay 
rpaHaMH AB h BC H3MeHaeTca, h cooTBeTCTByEomyio BeaHHHHy aecjDOpMapHH 
CflBHra y mo'/Kiio HaiiTH H3 TpeyroabHHKa OBC. 



B 



Phc. 1.6. Hanpaacemioe cocToamie HHCToro caenra. 
TaKHM o6pa30M, b pe3yabTaTe aec|)opMauHH noayaaeM: 


OC (Z r_y 1+^ 
OB 4 2 \ + s 


(1.5). 


Hcnoab30BaHHe 3aKOHa TyKa aaeT £ x = — (<r x - vcr y ) = + V a ; £ 

E E 


1 + v 


CT 


1 - r l-(l + v)- 


7r y 

tg — tg- 

ITpH Maabix y tg(— -—) = — = — = — , 

4 2 71 y y CT 

4 1 + tg tg 7 - \ + r l + (l + v) 

4 2 2 E 

y ct 

npHHHMaa BO BHHMaHHe (1.5), HaXOflHM 1 = 1 - (1 + v) — . 

2 E 

^ 2(1 + v) 2(1 + v) 

OTCioaa y- ct = r. 



BBoaa o6o3HaneHHe Moayaa caenra G 


E 


( 1 . 6 ) 


2(1 + v) 

nojiynaeM cneayiomee ycnoBHe CBa 3 H caBHroBoii fle(J)opMau,HH h KacaTejibHoro 

T 


nanpaacenna: v 


G 


Ecjih KacaTejiBHtie nanpaacenna aencTByiOT no BceM rpanaivi 3 JieMeHTa, Kaic 
noKa 3 aHO Ha pnc. 1 . 2 , HCKaacemie yraa Meacay aByivia ri e p e ce k a i o m m m m c a rpanaivi n 
3 aBHCHT tojibko ot cooTBeTCTByromeH KOMnoHeHTBi KacaTejibHoro Hanpaacemia: 


r xy = 


G 


r yz = 


yz . 


G 


Xzx = 


G 


( 1 . 7 ) 


KoMnoHeHTbi ae(J)opMau,HH, xapaKTeproyiomHe yaJiHHeHHa (1.3) n caenra 
(1.7), He 3aBHcaT apyr ot apyra. 06 ihhh cjiynaH ae(j)opMau,HH, npOH3BoanMOH 
TpeMa HOpMaabHbiMH h TpeMa KacaTejibHbiMH KOMnoHeHTaMH HanpaaceHHH, MoacHO 
noayHHTb c noiviOLHbio naa O'/Ken hh Ha TpH yaanneiiHa Tpex aecJ)opMauHH caenra. 

YpaBHeHHa (1.3) h (1.7) onpeaeaaiOT KoMnoHeHTbi ae(J)opMau,HH xax c[)yHKu,HH 
KOMnoHeHT Hanpaacemia. B paae 3aaan TpeSyeTca Bbipa3HTb KoMnoHeHTbi 
HanpaaceHHa b (JiyiiKmiM komhohcht aecj)opMauHH. Hx MoacHO noaymiTb, cicjiaabiBaa 
ypaBHeHHa (1.3) h Hcnojib3ya o6o3HaneHHa: 

^0=^x+^ y +^ O ’0=-( Cr x +O ’ y + O ’z) 

B pesyabTaTe nojiynaeM cjieayiomyio 3aBHCHMOCTb Meacay oobeMiibiM 

3(1 -2v) 

pacniHpeHHeM s 0 h cyiviMon HOpMaabHbix HanpaaceHHH s () = <r 0 ( 1 . 8 ) 

E 

/)aa cjiynaa paBHOMepHoro rnapocTaTHHecKoro aaBaenna HMeeM 
<r x = <j — ct z — <j Q . OopMyaa (1.8) npeacTaBJiaeT co6oh 3aBHCHMOCTb Meacay 


OTHO CHTeabHbIM oSbeMHbIM pacniHpeHHeM £ 0 H THapOCTaTHHeCKHM aaBaeilHCM o 0 . 
E 

BeaHHHHak = ( 1 . 9 ) 

3(1 - 2v) 

Ha3biBaeTca MoayaeM oSbeMHoro pacninpeHna. 

Hcnoab 3 ya o 6 o 3 HaneHHa oSbeMHoro pacninpeHna h THapocTaTHnecKoro 
aaBaenna h pernaa ypaBHeHHa (1.3) OTHOCHTeabHO komhohcht HOpMaabHbix 
HanpaaceHHH, HaxoauM: 



E 


cr 


x 


cr 


cr 


y 


Z 


vE 


(1 + v)(l - 2v) 

+ 

l + v 

vE 


E 

(l + v)(l-2v) ° 

T 

l + v 

vE 

£, 

+ 

E 


(1 + v)(l - 2v) 1 + v 


( 1 . 10 ) 


06o3HaHHM /l = . C yneTOM Bbipa>KeHHa (1.6) Moayaa caenra, 

(1 + v)(l - 2v) 

cjDOpMyjIBI (1.10) MO>KHO npHBeCTH K BHfly: 

cr = Xs n + 2G s ; cr = As + 2G<? ; cr = Xs n + 2Gs (1.11) 

xO x’yO y’zO z ^ ' 


1.6. HH/ieKCHbie o6o3HaHeHHH. 

TeopHK) ynpyrocra h miacTHHHOCTH Ha coBpeMeHHOM HayHHOM ypOBHe 
npHHaTO H3JiaraTB c HcnoaB30BaHHeM TeH30pHoro HCHHCJieHHa h TeopHH 
TeH30pHoro noaa. IIpH 3anHCH (J)opMyn oobihiio Hcnojib3yeTca MiiaeKcnaa janiicb h 
npaBHJio c y m m h p o b a ii h h A. 3HHiHTeinia. Bee 3 to aejiaeT paccyncaeHHa h BbiKJiaaKH 
oneiib KOMnaKTHbiMH; npH stom He TepaeTca cJ)H3HHecKHH cmmcji onncbiBaeMoro 
oSbeKTa hjih aBJieHHa. 

JIk)6oh BeKTOp a 3aaaeTca ero npoeKipniMH Ha och aeicapTOBOH CHCTeMbi 
KOOp^HHaT: a x ,a y ,a z . IIoacTpOHHbiH HHaeicc npoeKu,HH Beicropa noonepeaHO 

npHHHMaeT 3naHemia x, y, z. 3naHMT, BeKTOp a MO>Kno npeacTaBHTb ero 
npoeRpnaMH a ; , rae i = x, y, z . 

Pi nae kc i na3biBaeTCH CBoSoanbiM HiiaeKCOM; rioapaayMeBaeTca, hto oh 
noonepeaHO o6fl3aTejibHO npHHHMaeT 3HaneHHa x, y, z, a BbipaaceHHe a ; 03HanaeT 
TpoiiKy BeaHHHH a x ,a y ,a z . ,Z],jia o6o3HaHemia CBoSoaHbix HHaeiccoB Hcnojib3yiOTca 
6yKBbi i, j, k h T.fl. 

B CHCTeMe HHaeiccHbix o6o3HaneHHH ana KOOpaniiaT bmccto o6o3HaneHHH x, y, 
z o6bihho Hcnojib3yiOTca o6o3HaHemia x p x 2 ,x 3 hjih npocTO x ; . B 3toh CHCTeMe 

KOMnoHeHTbi nepeMemeHHH o6o3HanaiOTca hjih, 6ojiee kopotko, u, , rae 

CHHTaeTca, hto HHaeicc i MO/Kei npHHHMaTb juaHemiH 1, 2, 3. 

IloaCTpOHHblX CBOOOanbIX HHaeKCOB y BeJIHHHH MO>KeT 6bITb HeCKOJIbKO. Ecjih 
BCT peTHJIHCb 2 CBOSoaHbIX HHaeKCa, 3TO 3HBHHT, HTO HMeeT MeCTO Ha6op H3 9 



BejiHHHH (Ka/K^biH HHfleKC npHHHMaeT 3 snaHeiiHa). HanpHMep, 3anncn a ;j 
cooTBeTCTByeT na6op bcjihhhh, KOTOpbiii MO>KeT 6 bitb npeflCTaBJieH b bh^c MaTpnpbi 

a 11 a i3 

3-21 3 22 323 

a 31 a 32 a 33 

IlepBBIH HH^eKC MaTpHU,BI a ;j no CTpOKaM (J)HKCHpOBaH H o6o3HanaeT HOMep CTpOKH, 
a BTOpon - CTOJiSpa. 

^jia Tpex cbo6o^hbix HH^eKCOB (a ijk ) hhcjio KOMnoHeHT Sy^eT 27 n t.^. 
BejiHHHHa Sjj, onpe^eJiaeMaa paBeHCTBaMH 


5, =| lnpHi = j ., 

' [0 npn i ^ j 

Ha3BiBaeTca c h m m e t p h hi i b i m chmbojiom KpOHeKKepa; OHa o6pa3yeT KBaapaTiiyio 
e^HHHHHyK) MaTpnpy 
1 0 0 
= 0 1 0 = E, 

0 0 1 


CHMMeTpHHHyiO OTHOCHTeJIBHO TJiaBHOH ^HaTOHaJIH. C H M M e Tp H HI I b I H CHMBOJI 
KpOHeKKepa cooTBeTCTByeT CKajrapHOMy npoH3BeaeiiHio eaHiiMHiibix B3anMHO 
opToroHajibHBix BeKTOpOB e x ,e y ,e z , T.e. CKanapHbie npoH3BeaeiiHH eaniiMHiibix 

BeKTOpOB Moryr 6biTb 3anncaHbi b BHae 

ey=5 ir 

B BeKTOpHOM n TeH30pH0M HCHHCJieHnax BCTpenaiOTca xapaKTepHbie cyMMbi. 
HanpHMep, 

z 

a = a x e x + a y e y + a z e z =E a 1 e 1 


a • b = a x b x + a y b y + a z b z = X a i b i 


z 

B Iionooiibix xapaKTepHbix cyMMax 3HaK ^ ycnoBnnncb onycxaTb n BBenn 

i=x 


corjiameHne o cy MMHp o b aHnn : ecnn noacTpowiibie HiiaeKCbi i, j n t.h. BCTpenaiOTca 
^BajK^bi, to 3to 03HanaeT cyMMy Tpex cnaraeMbix, nuaeKCbi Ka/K/ioro H3 KOTOpbix 
cjDHKcnpOBaHbi h paBHbi cooTBeTCTBeHHO x, y, z (1, 2, 3). noBTOpaiomneca HH^eKCbi, 
no KOTOpbIM IipOH3BOaHTCa CyMMHpOBaHHe, naSblBaiOTCH HeMblMH. 
BbinjenpuBeaemibie BbipajKeHna Moryr 6bitb 3anncaHbi: 



a - 

a ^ = 3 ^; 


CyMMy TpeX KOMIIOHeHT fle(f)OpMail,HH S n + S 2 , + S 33 = ^S i; M05KH0 KOpOTKO 


i=l 


3anHcaTB s ;i . Ha iico6xo,tmmoctb c y m m h p o b a ii h h yKa3BiBaeT noBTopfliomiiiiCfl 
HH^eKC. HcnonB30BaHHe HH^eicca j hjih nroSoro flpyroro SyKBeHHoro HH^eKca, 
KOTOpBIH M05KH0 BBeCTH BMCCTO i, He MCHUCT CMBICJia BBIpa^KCHHU. 

EcJIH o 6 o 3 HaHHTB £X = £.. = ~7ip fleBUTB KOMnOHeHT TeH 30 pa fle(j)OpMaU,HH 

mo5kho npe^CTaBHTB b BH^e s t npH i, j = 1, 2, 3 (x, y, z). 


06 o 3 Hanaa Ui TpH komhohchtbi BeKTOpa nepeMemeHHx u, v, w, bmccto 
3 aBHCHMOCTeH ( 1 . 1 ) MOK^y ^e(j)opMau,HXMH h nepeMememniMH ^cbutb komhohcht 
T eH 30 pa Zie(j)OpMaHHH MO'/KIIO BBIpa 3 HTB OflHOH cj)OpMyjIOH 


1 ,<9u 5U: 

£ = — ( — ~ H ) 

IJ 2 dx . dx . 


( 1 . 12 ) 


IIIecTB 3 aBHCHMOCTeH 3 axoHa TyKa, BBipa>KaiOHi,Hx cbioh komhohcht 
H anpajKeHHH h #e(j)opMau,HH ( 1.7 h 1.11), mo>kho 3 anncaTB o^hoh (jiopMyjiOH 
o-^ =AS ij £ kk +2G£ ij , i,j,k= 1,2,3. (1.13) 


Chmboji £ kk 03 HanaeT cyMMy komhohcht ,ne(f)opMaii,HH yfljiHHemni. 3 #ecB 
HCn 0 JIB 30 BaH HeMOH HH^eKC k, OTJIHHHBIH OT i H j. 

,Z],H(j) 4 )epeHu,HpOBaHHe no KOOp^miaTaM, KOTOpoe BCTpenaeTca, HanpHMep, b 
(J) opMyjie (1.12), o 6 o 3 HanaeTCx KpaTKO c noMomBio 3 araiTOH. Coothohichhc (1.12) 
MO>KHO 3 anHCaTB B BH^e 


1 ( 

f i| = 2 (U M +U W ) 


(1.14) 


1.7. IIjiocKoe HanpniKeHHoe coctohhhc h njiocKan fletjjopMapHH. 

Ecjih to n Kan njiacTHHKa iiarpy/KCiia ycHjnwMH, npino'/KCiiiiBiMH b^ojib ee 
rpaHHu,Bi napajuiejiBHO njiocKOCTH njiacTHHKH paBHOMepHO pac npeaeaei 1 1 1 bi m m no 
TOJIH],HHe (pHC. 1 . 8 ), TO KOMnOHCHTBI HanpjDKCHHH O z T xz , T yz Ha o 6 eHX CBOOOJIIIblX 
noBcpxiiocTax njiacTHHKH paBHBi HyjiK), h mo'/Kiio npe^BapHTejiBHO npe^noao'/KHTB, 
HTO OHH paBHBi HyjHO H BHyTpH nJiaCTHHKH. TOTfla Iianpa'/KCIIIIOC COCTOHIIHC 6 y^eT 
oripeaeaaTBCH tojibko KOMnoHeHTaMH o x , o y , x xy . Mo>kiio TaK/KC iipeanoao'/KHTB, hto 
3 TH TpH KOMnOHCHTBI He laBMCflT OT Z, T.e. He M 3 MCIHIIOTCH nO TOJHH,HHC nJiaCTHHKH , 
a HBJHHOTOI TOJIBKO (J)yHKU,HXMH KOOpflHHaT X H y. 



y 



Phc.1.7. IlnocKoe Hanpaacemioe cocToaHHe. 

Hanpaacemioe cocToanne npH sthx aonymennax na3BiBaeTca nnocKHM 
HanpaaceHHBiM cocToanneivi. Pa3MepBi Tea a b HanpaBaeHHH och z npH yKa3aHHBix 
aonymennax HecymecTBeHHBi, nosTOMy Toa m nny naacTHHKH paa ypoocTBa 
paCHCTOB npHHHMaiOT eaHIIHHIIOH. 

noaooiibie ynpomenna bo3mo>khbi h b apyroivi npeaeaBHOM caynae, Korpa 
pa3Mep Teaa b HanpaBaeHHH och z BeaHK no cpaBHeHmo c pa3MepaMH cenemia b 
naocKOCTH xy. Ecan aannnoe n p H3 m bth h e ck o e nan pnaHHapHnecicoe Teao 
HarpyacaeTca cnaaMH, n e p n e n a n k y a a p n b i ivin npoaoaBHon och Teaa h paBHOMepHO 
pacnpeaeaeHHBiMH no ero aJiuHe, MoacHO CHHTaTB, hto Bee nonepenHBie cenemiH 
naxoaaTca b oaHnx h Tex ace ycaoBnax. npoipe Bcero aaa nanaaa npeanoaoacnTB, 
hto KOHpeBBie cenemia orpaiiMHeiibi c{) n kc n p o b an n bi m n raaaKHMH aScoaiOTiio 
acecTKHMH naocKOCTaMH, KOTOpBie npenaTCTByiOT nepeMeipeHHaM b npoaoaBHOM 
HanpaBaeHHH. IIocKoaBKy HeT oceBBix nepeMeipeHHH Ha Toppax, a b cnay 
CHMMeTpHH hx HeT h b cpeaHeM cenemiH, MoacHO npeanoaoacHTB, hto to ace caMoe 
cnpaBeaaHBO aaa aioooro rionepeHiioro cenemia. 

TaKHM o6pa30M, nepeMeipemie Bcex Tonex Teaa nponcxoaHT b naocxocTax, 
nepneHaHKyaapHBix ero aaHHe. 3to 03HanaeT, hto nonepeHiibie cenenna ocTaiOTca 
naocKHMH b TeneHne Bcero npopecca aecJiopMapmi. IIosTOMy onncaHHBiH caynaii 
noayHHa Ha3BaHne naocxoii ae(J)opMapmi nan naocxoro aecjiopMHpOBaHHoro 
cocToaHHa. B caynae naocxoii aecJiopMapmi pa3MepBi b HanpaBaeHHH och z He 
HMeiOT 3HaneHHa, h npn peuieHHH 3aaan o naocxoM aecJiopMHpOBamiOM cocToaHHH 
paccMaTpHBaeTca laeivienT, saxaiOHemiBiii Meacay HByivia CMeacHBiMH ceneHHaMH, 
paccToaHne Meacay kotopbimh npHHHMaeTca paBHBiM eannnpe. 



ITpH nnocKOH flecj)opMau,HH KOMnoHeHTBi nepeMemeHHH u h v hbjihiotch 
(J)yHKH,HHMH X H y H He 3 aBHCHT OT npO^OJIBHOH KOOpannaTBI Z. IIoCKOJIBKy 
npo^oJiBHBie nepeMemeHHH w paBHBi Hymo, ypaBHeHHH ( 1 . 1 ) ^aiOT 

dw 


7 


yz 


dv dw 
= — + — = 0 , 
dz dy 


du dw ~ ' n 

Y = 1- — = 0, s = — = 0 . 

dz dx dz 


npOAOJIBHBie HOpMaJIBHBie HanpHHCeHHH O z MO'/KIIO BBIpa3HTB H3 ypaBHeHHH 
(1.3). B CHJiy Toro, hto s z = 0, nojiynaeM <r z = v(cr x + <r v ) . 


3th HOpMaJIBHBie HanpHHceHHH ^eiiCTByiOT no BceM nonepenHBiM ceneHHHM, 
BKjnonaH KOimeBBie, me ohh npe^CTaBJiHiOT co6oh chjibi, neooxoanMBie 
HOa/iep'/KailMH nJIOCKOH ae(j)OpMaHHH H n p O H3 B O a H M B 1 e cj)HKCHpOBaHHBIMH TJia^KHMH 
aScOJHOTHO '/KeCTKHMH nJIOCKOCTHMH. 

KacaTejiBHBie HanpHHceHHH x xz h x yz cornacHO ypaBnemiHivi (1.7) paBHBi HyjiK). 
CjieflOBaTejiBHO, Banana o njiocKOM n e cj) o p m h p o b a h ii o m coctohhhh, Kaic h Banana o 
nJIOCKOM HanpHHCeHHOM COCTOHHHH, CBOflHTCH K Onpe^eJieHHK) KOMnOHeHT 
HanpHHCeHHH O x , Oy, X xy KaK (J)yilKHHH X H y. 


1.8. ^H^jtljepeHijHajibHbie ypaBHeHHH paenoBecHH ^jih njiocKOH 3anaHH b 
npHMoyrojibHbix Koop/jHHaTax. 

IlpH pemeHHH njiocKOH 3anann (o njiocKOM HanpHnceHHOM hjih njiocKOM 
^ecj)opMHpOBaHHOM coctohhhh) mohcho orpaHHHHTBCH paccMOTpeHHeM ceneHHH B 
njiocKOCTH xy. B MajiOM 3JieMeHTe, noKa3aHHOM Ha pnc.1.2, BBinenHM rpaHB 
pa3MepaMH dxxdy b hjiockocth xy (pHC.1.8). IlojiaraH, hto Teno HaxonuTCH b 
paBHOBecHH, cnpoeKTHpyeM Bee chjibi Ha och KOOpnnHaT x h y. IlojiyHHM: 



Phc. 1 . 8 . CncTeMa HanpHnceHHH Ha rpaHH 
njiocKoro 3JieMeHTa dxxdy/ 




d(7 dz 

(cj x + — -dx)dy - cr x dy + (r xy + — -dy)dx - r xy dx = 0 
ox dy 


da. 


dz. 


(a + — L dy)dx - cr v dx + (r x + — — dx)dy - r x dy = 0 

dy y xy dx xy 


OTCioaa 


5cr dz x 


+ 


dx dy 
dcr. dr.. 


= 0 


y + ^^ = 0 


dy dx 

3th paBeHCTBa hocht Ha3Bamie aHc|)e})epeimna.nbnbix ypaBHeHHH paBHOBecHH 
a jib naocKoii 3aaaHH b npHMoyrojibHbix KOopamiaTax. Ecjih npHHHTb bo BHHMaHHe 
odbeMHBie chjibi, to 

da. dz x 


+ 


dx dy 
da. dr.. 


+ X = 0 


y +—^ + Y = 0 


dy dx 


1.9. /l,H(|)(|)epeHitHajibHbie ypaBHeHHH paBnoeecHH ^jih njiocKoii 3aaaHH b 
PHJIHH/ipHHeCKHX KOOp/JHHaTaX. 

AnaaorMHiio Moryr 6 bitb rioayHeiibi ypaBHeHHH paBiiOBCCHH ana miocKOH 

3aaanH b pHJiHHapHHecKHx KOopannaTax. Ha pnc.1.9. npeacTaBJieHa CHCTeMa 

HanpHHceHHH, aeiiCTByiomHx b 3JieMeHTe odbeMa, nonepenHoe cenemie KOTOporo 

npe^CTaBJiaeT momaaKy eamiMHiiOM tojih;hhbi. npHHHMaa bo BHHMaHHe, hto 

3aaana nnocKaa h npn nepexoae Meacay cmokhbimh noBepxHOCTHMH, 

OTpaHHHHBaiOmHMH 3JieMeHTapHbIH OObeiYI, H3MeHHeTCH TOJibKO OaHa KOOpaHHaTa, 

npn 3anncH npupamenna HanpHHceHHH yHHTbiBaeM TOJibKO oaHy HacTiiyio 

npOH3BoaHyio (no 3 toh KOOpaHHaTe). CyMMHpya Bee ycnjiHa, aeMCTByiomMe Ha 

3JieMeHT odbeivia b paanajibHOM HanpaBJieHHH, nojiynaeM: 

/ w , da ff . dO , . dO 

(a + - JL dp){p + dp)dO-{a d + — fd6>)d/?sm — -a e dpsm — + 
dp dO 2 2 


, d 0 , dO _ 

(*> + -^-d^dpeos— - r^dpcos— = 0 


nocjie 


npHBeaeHHH 


noaodHbix 


HJieHOB 

dr 


HMeeM 


i da . d 0 da g . d 0 dr dO , 

a dpdO H -{p + dp)dpdO - 2 a e sin — dp -sin — dpdO H —cos — dpdO = 0 

p dp 2 d6 2 d6 2 



„ . dO dO 

ilojiaraa sin — = — 

2 2 



n npeHeSperaa SecKOHenHO MajiBiMH 


BejiHHHHaMH bbichihx nopa^KOB, npnxoflHM k ypaBHeHHK) : 



PaccMaTpHBaa ycnjina, ^eiicTByiomHe b TaHreHiinajitHOM HanpaBJieHnn, 
nonynaeM BTOpoe ypaBHemie paBHOBecna j\jik aneMeHTapHoro oSneMa b 
PHJ iHHflpHnecKHx KOopaHiiaTax. CncTeMa ypaBHeHHH paBHOBecna b 
PHJ iHHflpHnecKHx KOopaniiaTax Btirna^HT caeayiomHM o6pa30M: 


'da p | 1 | 

dp p d6 

1 do-, ( 

p dO dp 



1.10. OcecHMMeTpHHHaH 3a^ana b nepeMemeHHHx. 

npe^CTaBHM ce6e SecKonemiyio uHjiHiiapHHecKyio Tpy6y, naxoaamyiocH non 
BHyTpeHHHM hjih napy'/KiibiM naBaenHCM. B stom cnynae KOMnoHeHTbi HanpjDKeHHH 
He 3aBHcaT ot yraa 0 (T.e. abjuiiotcji tojibko (JiymcipieH pa/wyca p), a KacaTejibHbie 
nanpa’/KeiiHH r //; = 0 . 3 to cnenyeT H3 ycnoBHa oceBoii chmmctphh. IIo3TOMy HMeeM 





Pa3pemaa aea nocneaHHx ypaBHemia OTHOCHTeabHO o p h 09, noayHHM: 


° p 1-v 2 ' - " 


(£+V£ e )\ 


CT n =' 


■(S e +V£ D ) 


1-v 2 

Bbipaacaa ae(J)opMaii,HH nepe3 nepeMememia, npHxoaHM k caeayiomHM 
ypaBHeHHXM cbb3h HanpaaceHHH h nepeMemeHHH: 

E ,du u, E 


.Oil u 

a = -( \-v — ) ; 

p 1-v 2 dp p 


<7n 


.u Ou. 

-’■ ( - + v 


1-v p 

IloacTaBHB 3 th BbipaaceHHa b ypaBHeHHe paBHOBecna, 6yaeM hmctb: 
0 2 u 1 Ou 


+ 


u 


= 0 


dp' p dp p~ 

3 to oSbiKHOBeHHoe aHHeiiHoe flH(J)(J)epeHu,HajiBHoe ypaBHeHHe, oo iii hh 

HHTerpaa KOTOporo u = A p + — , b neM aerKO ySeanTbca noacTaHOBKOH. 

P 

TT Oil B 

Aaaee: — = A - — ; 
dp p 


C7 , = 1 - -2 


A(1 + V)-A(1- V ) 

E 

’ 6 ~ , 2 

A(1 + V) + A(1- V ) 

L p~ \ 

1-v 

L p J 


1 — v 2 

pCHJeilHH KOHKpeTHOH 3aaaHH KOHCTaHTBI HHTerpHpOBaHHB neooxoamvio 
onpeaeaHTb H3 rpaiiMHiibix ycaoBHH. PaccMOTpHM BapnaHTbi HarpyaceHHa TpySbi 
BHyTpeHHHM H HBpyiKHblM aaBaeHHCM (pHC.1.10). R a - BHyTpeHHHH pa^Hye TpySbi; 
R b - HapyacHbiii paanyc. 

1. ToacTOCTemiaa Tpy6a HarpyaceHa BHyTpeHHHM paBHOMepHO 
pacnpeaeaeinibiM aaBaenneM p a . 

T paiiHHiibie ycaoBHa: npn p=R a o p =-p a - Hanpaacemie cacHMaiomee 

(HanpaBaeHO no BHyrpeHHeH HOpMaan k noBepxHOCTH); npn p=R B o p =0. 

,Z],Ba rpaiiMHiibix ycaoBHa iio3bo3hiot onpeaeaHTb aBe KOHCTaHTbi 


HHTerpHpOBaHHa: A = — p a 


1-v 2 


R 2 


1 


E R 2 - R 2 1 + v 


B = -p, 


1-v 2 


R 2 R 2 

a b 


1 


E R 2 


R 2 l-v 


IIoacTaBHB KOHCTaHTbi HHTerpHpOBaHHa b BbipaaceHHa a-Jia HanpaaceHHH, 
noayHHM : 

r~ — i r~ 

.Ru 


^=-Pa 


P 




~~ P a 


l + (— ) 2 
P 


‘- ( ir )2 



Ilo TOJiiu,HHe CTeHKH TpySbi Tanrenmiajibiibie HanpiDKemra imieiHuoTca ot 

K 

2 


1 + ^} 

R 2 

<J g =- p a y Ha BHyTpeHHeii noBepxHOCTH (y> = R a ) ao cr 0 =-p 


l-*i 

R 2 


i-^ 

R 2 


Ha 


Hapy>KHoii noBepxHOCTH ( p = R b ) 




Phc. 1.10. 3mopbi HanpiDKeHHii b CTeHKe tojictoctchhoh TpySbi, Haxoanmeiiai 
noa napy'/KiibiM h BHyrp chhhm aaBjienneivi. 


2. ToacTOCTennaa Tpy6a narpy>Kena napy/KiibiM paBHOMepHO pacnpeaeaemibiivi 
aaBJieHHeM p b . 

rpaHHHHbie ycaoBHa: npn p=R b a p =-p b ~ HanpiDKeHHe OKHMaiomee 

(HanpaBJieHO no BHyTpeHHeii HOpMajiH k noBepxHOCTH); npn p=R a a p =0. 

J\bsl rpaiiHHiibix ycnoBHa no3BOJunoT onpeaejimr. aoe KOHCTaHTbi 


HHTerpHpOBaHHa: A = -p. 


1 — v 


R; 


E R: - R 


„ 1 + v R 2 R 2 

B = -p t a b 


E R -R 


^ b A ^ a A ^ b 

noacTaBHB KOHCTaHTbi HHTeipHpOBaHHa b Bbipa'/KeiiHH j\jw nan pirate iiHii, 

R 


nojiynHM: <r = -p b ^ 


P 


i - { b' 


=-PbF 


l + (^) 2 
P 




no TOJim,HHe CTeHKH TpySbi TaHreHu,HajibHbie nanpa'/Keinia HiivieninoTca ot 
2 


=“P 


b I? 2 


Ha BHyTpeHHeii noBepxHOCTH (p = R.) ao 


°e =-Pt 


R; 


R 

a 

r: 


Ha HapyjKHoii noBepxHOCTH {p = R b ). 


1.11. /],H(|)(|)epeHitHajibHbie ypaBHeHHH paBHoeecHH b cjiynae TpexMepHoii 
3a^aHH. 

PaccMOTpeHHbie paHee ypaBHeHHa paBHOBecna othochjihcb k aByMepHOH 
3aaane. B o6in,eM caynae Hanpaacemioro cocToamia Ha 6 rpaHeii ajieMeHTa co 
CTOpOHbi OTSpomeHHOH Hacra Tejia aeHCTByioT 18 cocTaBJiaiomHx nanpa’/KeiiHa 
(pHC.1.2). 3 th nanpa’/Kenufl paaaHHiibi b pa3JiHHHbix Hacaax Tea a, T.e. aBaaiOTca 
(J)yHKu,HaMH KOopannaT. 

ITojiaraiOT, hto Teao HaxoaHTca b paBHOBecHH. CoraacHO ycaoBHaM CTaTHKH, 
cyMMa npoeKu,HH Ha och x,y,z Bcex chh, aeiiCTByiomHx Ha aaeMeHT, paBHa Hyaio. 
IIpOH3Boaa yKa3aHHbie onepau,HH cy MMHp o b aHHa cna, noayaaeM TpH 

aHcJ)cJ)epeimHaabiibix ypaBHeHHa paBHOBecna: 


da dr 


dx 
dr , 


+ 


+ 


yx 


dx 

dr 


dy 
da 

y 

dy 
dr 

-\ — + 


dz 

dr 


= 0 


+ 


+ 


yz 


dz 

da 


= 0 


= 0 


(1.15) 


dx dy dz 

Hcnoab3ya HHaeKCHbie o6o3HaneHHa, CHCTeMy ypaBHeHHH (1.15) mohcho 
npeacTaBHTb KpaTKO : cr. = 0 (1.15a) 

,Z],H(jMi>epeHi],HanbHbie ypaBHeHHa paBHOBecna j\jik TpexMepHoii 3aaaan b 
H,H aHHapHaecKHx Koop^HHaTax HMeioT caeayiouHiii BHa: 


da n 1 dr 


+ 


pe 


dr . 


dp p dO 


+ 


pi 


a -a n 


dr 


Sp 


dp 

dr 

z P 


+ 


1 da 0 

p dO 
1 dr 


dz 

dr 

+ 


+ 


= 0 


Si 


p 
2 T 


+ 


z 0 


+ 


dz 
da ' 


+ 


pe 


p 

T . 


= 0 


+ ^ = 0 
p 


(1.16) 


dp p dO dz 

CncTeMa 15 ypaBHeHHH (1.13-1.15) aaeT noaHoe pemeHHe 3aaaan TeopHH 
ynpyrocTH., no3Boaaa onpeaeamr. 3 KOMnoHeHTbi nepeMememia h no 6 komhohcht 
HanpaaceHHH h ae(J)opMau,HH. 



1.12. HanpHiKeHHH b tohkc 

3naa komhohchtbi HanpjDKeHHH o x , o y , x xy b jiioSoh tohkc nnacTHHKH b 
ycjiOBHHx njiocKoro nanpa>Kennoro hjih njiocKoro a e (}) o p m h p o b a m h o r o coctohhhh, 
H3 yCJIOBHH CTaTHKH MO '/KUO HaHTH HanpjDKCHHJI Ha JIK) 60 H HaKJIOHHOH no 

OTHomeHHH k ocflM x h y rnioma^Ke, npoxo,zpimeH nepe3 3Ty TOHKy 
nepneH^HKyiiapHO njiacTHmce. OooinaHiiM Hepei P HeKOTOpyio TOHKy b 
HanpajKeHHOH njiacraHKe h nonycTHM, hto komhohchtbi HanpjDKeHHH o x , o y , x xy b 
ocnx x h y (pHC.1.11) h3bccthbi. Ha MajiOM paccTOJiHHH ot P npOBe^eM njiocKOCTB 
BC, napajuiejiBHyio och z, TaK hto6bi 3Ta njiocKOCTB BMecTe c KOop,znniaTnbiMH 
njiocKOCTHMH BBipe3ana H3 njiacTHHKH ohciil Majiyio TpeyrojibHyio npH3My PBC. 
nocKOJibKy HanpajKeHHH h3mchjhotcji no oSbeMy HenpepbiBHO, to npn yMeHbmeHHH 
Bbipe3aHHoro 3JieMeHTa HanpjDKemie, ^eiiCTByiomee Ha njiomaflKe BC, 6y^eT 
CTpeMHTbCH k nanpjr/Kenino Ha napajuiejibHoi! ruiomanKe, npoxonameii nepei TOHKy 
P. 



0 

Phc. 1.11. HanpjDKeHHJi Ha HaKJIOHHOH njiomaflKe. 
npH paCCMOTpeHHH yCJIOBHH paBHOBeCHH MaJIOH TpeyrOJIbHOH npH3MbI 
oSbeMHbiMH CHJiaMH mo '/K iio npeneopeHb KaK b e jihhhh aMH Bbicmero nopa^Ka 
MajiocTH. no^oSHbiM o6pa30M, ecnH Bbipe3aHHbiH 3JieMeHT oneHb Man, mojkho 
npeneopeHb h3mchchhhmh HanpjDKeHHH no rpaiuiM h npe^nononcHTb, hto 
H anpanceHHH pacnpeflejieHbi paBHOMepHO. Tor^a chjibi, ^eHCTByromHe Ha 
TpeyrojibHyio npH3My, mo'/Kiio onpenejinTb nyreM yMiio'/Kennji komhohcht 
H anpjDKeHHH Ha njiomanb rpanen. nycTb N - HanpaBJieHHe HOpMann k nnocKOCTH 
BC, a KOCHHycbi yraoB MOK^y HOpManbK) N h ocjimh x h y o6o3HaHeHbi: 
cos(N,x) = k; cos(N,y) = m. 

Torna, ecnH nepei A oSoanaHHTb njiomanb rpaHH BC sjieMeHTa, to nnoma/iH flByx 
flpyrnx rpaHeii 6ynyr Ak h Am. Ecjih ooomaHHTb X h Y komhohchtbi 



Hanpfl5KeHHH, ^eiicTByiomHx Ha rpaHH BC, to ycjiOBHii paBHOBecHii 
npH3MaTHHecKoro sjieMeHTa npHBO^aT k cjie^yiomHM cooTHomemMM: 

X = kcr +mr ; Y = mcr +kr (1.17) 

x xy 7 y xy v ' 

TaKHM o6pa30M, KOMnoHeHTBi HanpajKeHHH Ha jho6oh nHoma^Ke, onpe^ejiaeMoii 
HanpaBJ15HOH],HMH KOCHHyCaMH k H m, MO'/KIIO HailTH H3 COOTHOHieHHH (1.17), eCJIH 
H3BeCTHBI TpH KOMnOHCHTBI HanpIDKeHHH O x , O y , T xy B TOHKe P. 

06o3HanHM nepe3 a yron Me^y HOpMajibio N k njiomaflice BC h ocbkd x, Tax 
hto k=cosa h m=sina; Tor^a H3 coothohichkh (1.17) HOpMajibHoii h 
xacaTejibHOH komhohchtbi nanpa>KenHH Ha nnoma^Ke BC nojiyHHM (jiopMyjibi: 
cr n = Xcosa + Ysin a = <r x cos 2 a + cr y sin 2 a + 2r xy sin a cosa (1.18) 

r n = Ycosa-X sin a = r (cos 2 a -sin 2 a) + (<r - cr x )sinacosa (1.19) 

OneBH^HO, yron a MOK/iy HOpManbK) N k nnoma^Ke BC n ocbK) x mo>kho 
B biopaTb TaKHM o6pa30M, HTOObi KacaTenbHoe HanpjDKeHHe x n Ha moma/iKe BC 
CTano paBHbiM HyjiK): r n = r xy (cos 2 a - sin 2 a) + (cr y - cr x ) sin a cosa = 0. 


OTCio^a 



sinacosa 
cos 2 a -sin 2 a 



( 1 . 20 ) 


H 3 3toto ypaBiieiiHH MO/Kiio HaiiTH asa B3anMHO nepneH^HKyjiapHbix 
HanpaBJieHH^, ^ jih KOTOpbix KacaTenbHbie HanpjDKeHHH paBHbi Hynio. 3th 
HanpaBJieHH^ iiaibiBaiOTCH rjiaBHbiMH, a co o t b e t ctb y i o in n e HOpMajibHbie 
HanpajKeHH^ - rjiaBHbiMH HOpMajibHbiMH h anp jdk e h hh m m . 

Ecjih 3a maBHbie HanpaBJieHH^ npHHaTb HanpaBJieHH^ oceii x n y, r^e r xy = 0 , 


TO (J)OpMyjIbI A JM BBIHHCJieilHH IianpH'/KCIIMH Ha HaKJIOHHOH nJIOHiaflKe npHHHMaiOT 


bh,zi: (j — cj cos 2 a -her sin 2 a; r 

^ n x y 7 n 



a ) sin 2a 

x ' 


( 1 . 21 ) 


3^ecb x h y - maBHbie och h yron a OTCHHTaH ot maBHOH och x. 

H3MeHeHHe komhohcht HanpiDKeHHH cr n n r n b 3aBHCHMOCTH ot yraa a 
y^oSHO H3o6pa3HTb rpac})HHecKH b BH^e anarpaMMLi b KOopaniiaTax o n x 
(^HarpaMMbi Mopa). Ka/Kaoii opueiiTamiH njioma^KH Ha stoh anarpaMMe 
cooTBeTCTByeT TOHKa, KOopaniiaTaMH KOTOpoii HBaHiOTca 3iiaHeiiHa iiaripa'/KeiiHii o h 
x, ^eiiCTByiomHe Ha stoh njiomaflKe. 

^jia momanoK, iiepneiiaHKyaapiibix maBHbiM nanpaBaeiiHHM, HMeeM tohkh A 
h B c a6cu,HCcaMH cr x h cr y cooTBeTCTBeHHO. KoMnoHeHTbi iianpa'/KeiiHH jho6oh 


njioma^KH BC, onpe^ejiaeMOH yraoM a (pnc.1.12), Sy^yr npe^CTaBJieHbi 

KOOpflHHaTaMH HeKOTOpOH TOHKH Ha OKpyjKHOCTH, JIH KOTOpOH 0Tpe30K AB 



aBaaeTca ^HaMeTpOM. ,Z],aa HaxoacaeHHa 3toh tohkh Ha OKpyacHOCTH HeoSxoanMO 
OTMepHTt. ot Ton km A ayry, paBHyio 2a. KoopamiaTbi nocTpoeHHoii tbkhm o6pa30M 
tohkh D onpeaeaaiOTCH reoMeTpHnecKH: 

OF=OC+CF= — — H — -cos2 a -a cos 2 a + cr sin 2 or 

2 2 x 


DF=CD sin 2 a 



cr y ) sin 2 a 


CpaBHeHne c (j)opMynaMH (1.21) noica3BiBaeT, hto KOOpanHaTbi tohkh D aaiOT 
nncjieHHtie anaHenMa KOMnoHeHT HanpaaceHHa Ha naomaaKe, onpeaeaaeiviOH yraoM 
a. 3a nojioacHTejiBHoe SHanenMe KacaTeabHbix HanpaaceHHii 6yaeivi npnHHMaTB 
HanpaBaeHne, noKa3aHHoe Ha pnc.1.12. 



Pnc.1.12. Onpeaeaemie c 
noMom,bio anarpaMMBi Mopa 
HOpMantHoro n KacaTeabnoro 
HanpaaceHHa Ha naomaaKe 
3aaaHHoii opneHTapHn. 


npoaoaacaa paanyc CD a o tohkh Dj, T.e. 6epa yroa paBHbiM 7r + 2a bmccto 
2a, noaynaeM HanpaaceHHa Ha naomaaKe, nepneH^HKynapHOH naomaaKe BC. 
HeTpyaHO 3aMeTHTb, hto KacaTeabHbie HanpaaceHHa Ha asyx B3anMHO 
nepneiiaHKyaapnbix naomaaKax HncaeHHO paBHbi apyr apyry. Hto KacacTca 
HOpMaabHbix HanpaaceHHH, to 0F+0F|=20C, T.e. cyMMa HOpMaabHbix HanpaaceHHii, 
aencTByiomHx Ha aByx B3aHMHO nepneHaHKyaapHbix naomaaKax, npn H3MeHeHHH 
yraa a ocTaeTca nocToaHHoii. 

MaxcHMaabHoe KacaTeabHoe Hanpaacemie r ma aaeTca Ha anarpaMMe 
MaKCHMaabHoii opanHaToii OKpyacHOCTH, T.e. paBHO paanycy OKpyacHOCTH 

cr - a / 

Oho aeiiCTByeT Ha naomaaKe, a-Jia KOTOpoii a = 7 y^, T.e. Ha 


naomaaKe, HOpMaab k kotopoh aeamr nonoaaM yroa Meacay HByivia raaBHbiMH 
HanpaaceHHaMH. ^HarpaMMa aaa caynaa hhctoto caBHra npeacTaBaaeT co6oii 
OKpyacHOCTb, upoxonamyio nepea nanaao KOOpanHaT. 


H3 flHarpaMMBi Mopa cneayeT, hto Hanpaacemie b tomkc MoacHO pa3aoacnTb Ha 
,HBe nacTH. OaHa H3 hhx npeacTaBaaeT co6on aByxocHoe pacTaacemie hjih cacarae, 
^Be KOMnoHeHTBi KOTOporo paBHti Meacay co6on h no BennanHe onpeaeaaiOTca 
a6cn,nccoH pempa Kpyra Mopa. ,Z]pyraa nacTb npeacTaBaaeT co6on hhctbih caenr c 
KacaTeatHBiM HanpaacemieM, BeanHuna KOTOporo aaeTca paanycoM Kpyra. 

^narpaMMa Mopa MoaceT 6bitb Hcnoab 30 Bana paa onpeaeaeHna raaBiibix 
HanpaaceHnn, ecan H3BecTHbi KOMnoHeHTBi o x , o y , x xy paa aio6bix asyx B3aHMHO 
nepnenpHKyaapiibix naoipapoK (pncl.ll). B 3tom caynae caepyeT HanaTb c 
nocTpoeHHa tohck D h Dj no 3aaaHHbiM 3HaneHnaM o x n x xy paa D, o y n x xy paa D 1? 
npeacTaBaaiomnx HanpaaceHna Ha aByx KOOppnHaTHbix naocKOCTax. TaKHM nyreM 
HaxoaHTca anaMCTp Kpyra DD). ITocae nocTpoeHna Kpyra raaBHbie HanpaaceHna Oi 
n 02 HaxoaaTca no TOHKaM nepeceneHna OKpyacHOCTH c ocbio a6cn,ncc: 


cr + ct 


Oj-OC+CD- - 


a + a 

o 2 =OC-CD=— ^ 


+ 


( a - cr. V 


+ T 




( CT - CT. V 


+ T 


xy 


(1.22) 

MaKCHMaabHoe KacaTeabHoe HanpaaceHne onpeaeaaeTca paanycoM Kpyra 

(1.23) 


1 


^"max 2 ^2 ) -y 


( CT 

-o- ^ 

X 

y 

V 

2 J 


+ t: 


TaKHM o6pa30M, MoacHO noaynnTb Bee neooxopHMbie xapaKTepncmKH 
pacnpeaeaeHna HanpaaceHnn b hio6oh TOHKe, ecan H3Becmbi Tpn KOMnoHeHTBi 
HanpaaceHHoro cocToaHna o x , o y , x xy . 


1.13. /JecjjopMapnn b TOHKe 

Ecan H3Becmbi KOMnoHeHTBi pe^opMapnii s x , s y , y xy b HeKOTOpon TOHKe, to 
MoacHO Hanm omocHTeabHoe yaanHeHne no a 1060 My HanpaBaemno, a TaKace 
yMeHbmeHne npaMoro yraa (pe^opMapnio cpBnra) aioSon opneHTapnn. 
KoMnoHeHTbi TeH30pa ae(J)opMan,HH npn H3MeHeHHH HanpaBaeHna ocen KOOppnHaT 
npeo6pa3yiOTca no TeM ace npaBnaaM, hto h KoMnoHeHTbi TeH30pa HanpaaceHnn 
(1.18, 1.19). 

OTHOCHTeabHoe yaanHeHne b HanpaBaeHHH a, OTCHHTaHHOM ot och x, 
BbinncaaeTca no cf)opMyae 

s -s cos 2 a + s sin 2 a + y sinacosa 

ax y / xy 


(1.24) 



^ecjDOpMapna cflBHra y a npH stom paBHa 

Y a = Y xy ( cos 2 a - sin 2 a) + 2(s y - sjsmacosa = 0 (1-25) 

KaK n b TeopHH nanpa’/KeiiHH, MO>Kno Hanra B3aHMHO nepnemjHKyjiapHbie 
HanpaBJieHH^, KOTOpbie Ha3biBaiOTca niaBHbiMH ocamh fle(j)opMan,HH. B nnocKOCTax, 
nepneH^HKyjiapHBiM ocbm, OTHOCHTejibHbie caBnrn paBHti HyjiK). Co O T b e T CT B y I O LU, h e 
3HaneHna a no aHanornn c (1.20) onpe^enaiOTca H3 ypaBHeHna 


Y: 


xy 




= tg2 a 


(1.26) 


/)e(})opMauHH yanMnenna hjih yKopowenna b HanpaBJieHnn raaBHbix oceii 
Ha3BIBaiOTC3I rJiaBHBIMH a 6 cj) O p M a U. H H M M H 0003HaHai0TCa G|, 82 (h S 3). MO'/KIIO 
BBinepTHTB anarpaiwMy b Bnae Kpyra Mopa ananornmio (1.12), opannaTaiviM 


KOTOpOH HB3HI0TCH BeJIHHHHbl 



a aScpnccaMH 


BejiHHHHbi y a . HanSojibinee 


3HaneHne 


7 


oyneT onpeaenaTbca paanycoM Kpyra. TaKHM o6pa30M, 


MaKCHManbHaa HecfjopivianMa caenra y nax = £ x — s 2 


(1.27) 


1.14. 06i»eMHaH ,ae(j)opMapiiH. 3aKOH H3MeHemiH o6i»eMa. KoHeHHbie 
^e(|)opMai;HH. 

IlycTb Majibin napajuiejiennnea oSbcmom V=xyz noaeepraeTca ae(j)opMaii,HH, 
HanpaBJieHHfl rnaBHbix ocen KOTOpon coBnanaeT c HanpaBJiemniMH pe6ep 
napajuiejiennnefla. 06beM 3JieMeHTa nocne ae(J)opMaii,HH: 

V + dV = x(l + s x )y(l + s 2 )z(l + £ 3 ) 

PacKpbiBaa cko 6 kh h OTopacriBaa Hnenbi c n p o M 3 b e a e n n a m n aee|)opManMM kbk 
BenHHHHaMH, ManbiMH no cpaBHeHHio c caMHMH a e (}) o p m a n n a m m , nonynaeM: 

V + dV = V(l + s x +£,+£,) 

dV 

OTdOfla — = £,+s,+s, (1.28) 

V 

3 to BbipaaceHne hocht Ha 3 BaHne oSbeMHon ae(J)opMan,HH £ 0 = £ x + £ 2 + £ 3 

c dV A 

hcjin noao'/KHTb = 0 , to no ay hum £ q =£ x + £ 2 + £, = 0 . 

3to BbipaaceHne Ha3biBaiOT ycnoBneM nocToaHCTBa oSbeMa. Oho HaxoanTca b 
npOTHBOpennn c 3aKOHOM ynpyroro naMenenna oobeivia, ho ninpOKO ncnojib3yeTca 
npn pemeHHH aaaan Teopnn o6pa6oTKH MeTamiOB naBaenneM, me anannanpyiOTca 



npopeccBi naacTHHecxoro cf)opMOH3MeHeHHa h aoaa ynpyrnx ae(j)opMaii,HH 

He3HaHHTejitHa. Bo3BpamaacB k ypaBHemno (1.8) s 0 = — — — — -cr 0 , CBa3BiBaioiH,eMy 

E 

oSBeMHyio flecj)opMau,HK) c THapocTaTHHecxHM aaBneHHeM, npHxo^HM k BBiBoay, 
hto ycaoBHK) nocToaHCTBa oSBeMa cooTBeTCTByeT xo3cj)cf)Hii,HeHT IlyaccoHa v = 0,5 . 

PacneT oSbcmhoh ae^opMapHH b BHae (1.28) cnpaBeanHB hhihb aaa MaaBix 
ae(})opMauHH, nocKOJiBKy npH BBiBoae (})opiviyHBi Tax ace, xax h npH onpeneaeiiHM 
otho CHT e jibhbix ae(J)opMau,HH, npeHeOperaaH MaaBiMH bbichihx nopaaxoB. B caynae 
SojiBinHx ^e(J)opMau,HH BBoaaT aorapHcjDMHHecxHe cooTHonieroia, xapaxTeproyiomne 
ae(J)opMauHH H3 caeayiomux coodpaaceHHH.. 

IlycTB nanpaBaeiiHH raaBiiBix oceli coBriaaaiOT c HanpaBJiemiaMH pe6ep x, y, z 
3JieMeHTapHoro napaaaeaemineaa. Ecan b npopecce aecj)opMaii,HH pe6pa 
napaaaeaenHneaa n3MeHaiOTca Ha dx, dy, dz, to OTHOCHTenBHBie ae(J)opMaii,HH 


caeayex npeacTaBMTB b Bnae s 


dx dy dz 

’ £ y ~ ’ £ z ~ ’ 

x y z 

npH H3MeHeHHH flHHHBI pe6pa B XO^e ,Iie(J)OpMaU,HH OT X 0 flO X! OTHOCHTeJIBHyiO 

dx 


ae(})opMauHio KOppeKTHO cocwraTB xax mrrerpaa s = [ — = In — . 3Ty BeaHHHiiy 


x, 

X x, 

“u 0 

Ha3BiBaiOT aorapH(J)MHHecxoH ae(j)opMaii,HeH. 

C yaeTOM toto, hto x,=x 0 +Ax, jiorapH(f)MHHecxaa ae(J)opMau,Ha 

x 0 + Ax Ax. 

s = In — 9 = ln(l + — ). 

x o x o 

npH pemeHHH 3aaan, b xotopbix cj)HrypHpyK)T SecxoHeHHO MaaBie 
^e(J)opMau,HH, c ycnexoM MoacHO noaB30BaTBca (j)opMyaaMH (1.1) h BBinncaaTB 

s = — ; ecan cJwrypnpyiOT KoneniiBie aeeJ)opiviaHMM, hx caeayeT BBinncaaTB xax 

x 0 

aorapH(J)MHHecxHe . 

OneBHaHO, ecan x 0 =l, a Ax = ±0,3, to npH BBiHHcaeHHH otho CHT eaBHBix 
ae(J)opMauHH yanMiiennH nan yxoponemia no (J)opMyaaM (1.1) oyaeivi hmctb 
£ x =+0,3. npH BBiHHcaeHHH OTHOCHTeaBHBix ae(J)opiviaHMM yaanneiiMH nan 
yxoponemia xax aorapHcf)MHHecxHx noayHHM cooTBeTCTBeHHO 

£ x =ln(l + 0,3) = 0,262 h s x = ln(l - 0,3) = -0,357 . Eipe 6oaee oneBHaHO, hto 


Ax = ±l no (J)opMyaaM (1.1) aaeT OTHOCHTeaBHyio ae(j)opMau,HK) £ x =± 1, hto b 
caynae ae(J)opMau,HH yxoponemia annieHO (J)H3HHecxoro CMBicaa. JIorapH(J)MHHecxaa 
ae(|)opMau,Ha 100%-oro yxoponeHHa He cymecTByeT b MaTeMaTHnecxoM CMBicae. 



2 . CnocoGbi onpe^ejieHHH nanpjiaceHiiM b ynpyroii o6jiacTH. 

2.1. YpaBHeHHH cobmccthocth (Hepa3pbiBH0CTH) ^etJjopMamiM. 

B n.1.4 6 bijih nojiyneHbi 3aBHCHMOCTH mecra KOMnoHeHT TeH30pa ae(j)opMan,HH 

ot Tpex KOMnoHeHT BeKTOpa nepeMenjeHHH. H3 3Toro cneayeT, hto Meacay 

KOMnoHeHTaMH TeH30pa ae(J)opMauHH cymecTByiOT onpeaeuemibie 3aBHCHMOCTH. 

Hhcjio TaKHx 3aBHCHMOCTeii paBHO mecra h ohh aeJiaTca Ha aee rpynnbi. 

IlepBaa rpynna - 3aBHCHMOCTH Meacay cocTaBJiaiomHMH ae(J)opMan,HH b oaHoii 

naocKOCTH. B naocKOCTH xy HMeeM: 

au dv du dv 

s = — ; s - — ; V = — 

xx ax yy ay xy a y a x 

IIpoflH(J)(J)epeHu,HpyeM nepBoe paBeHCTBO aBaacabi no y, a BTOpoe-aBaacabi no x. 

d 2 e a 3 u d 2 £ a 3 v 

r 1 = 7 ; 7 1 = 7 H pe3yJIBTaTBI CJI05KHM. IIojiynHM 

ay" dxdy' dx' dydx' 


d 2 £ , ax 


+ 


d' .au dv. 

( — + — ) 

dxdy ay dx 


dy 1 dx 2 

Bbipa>KeHHe b CKodicax npeacTaBJiaeT codon caenroByio ae(J)opMan,HK) y x 


TaKHM 


o6pa30M 


s 2 x . a> x 


+ 


( 2 . 1 ). 


dy 1 dx 2 dxdy 

Ecjih aaaaiibi ase jinHenHbie aec[)opMan,HH b naocKOCTH xy, to tcm caMbiM 


onpeaenaeTca yron caenra b toh ace nnocKoern y 


xy 


=fj( 


d's.. d 2 e„ 


+ 


dy 2 dx 2 

HerpyaHO nojiynnTb aoe apyrne 3aBHCHMOCTH nepBon rpynnbi: 

a 2 x _ d 2 £ d 2 y 


)dxdy . 


az 2 

d 2 £ 


+ 


yz 


+ 


dy 2 

d 2 £ 


dydz 

d 2 y 

/ zx 


dx 2 dz 2 dxdz 

BTOpaa rpynna - 3 aBHCHM 0 cm Meacay cocTaBJHnomnMH ae^opMapnn b pa 3 Hbix 
njiocKOCTax. npoaH(J)(J)epeHn,HpyeM BbipaaceHna aaa caenroB b pa 3 Hbix mocKOcrax. 


r 


yz 


r z: 


dw dv 

1 

dy dz 

au dw 

1 

dz dx 


no x 


no y 


a 2 w a 2 v 

+ 


dxdy 

a 2 u 


+ ■ 


dxdz 

a 2 w 


dv au 

y , = — i — 

xy dx dy 


dy 

t yz 

dx 

dy dydz dxdy 

dy,, 

dz dxdz dydz 


a 2 v a 2 u 

+ 


no z 



Cjiojkhm noHJieHHO nepBoe h BTOpoe h BbiHTeM TpeTte 
d ?y* | dy zx dy xy =2 ^ 2 w 
dx dy dz dxdy 
ElponH(j3(f>epeHii,HpyeM 3 to paBeHCTBO no z: 

g ( a ^yz + = o d'w 

o'z o'x o'y 3z dxdydz 

d 2 s zz <9 3 w 

llpHMeM BO BHHMaHHe, HTO — = H nOJiyHHM 

dxdy dxdydz 


^ { d Z^ + d L^_ d L 


) = 2 




(2.2) 


3z 3x o'y 3z <3x<3y 
TaKHM o6pa30M, ecnn sananbi Tpn necJjopiviaHMM c^BHra, to 3thm onpeaeaaiOTca 
ae(J)opMauHH ynJiHHemni: 


1 ff ~ d— i — — 


)dxdy 


2 dz ' dx dy dz 
IIpOH3BO,zpi KpyroByio nepecTaHOBKy hh^ckcob, nojiynnM nea flpyrne 
ypaBHeHna stoh rpynnti: 


d dy dy dy d 2 s 

w i zx , ' xy ' yz ^ _ 2 xx 


+ 


dx ( dy dz dx 

S ( 5y„ , Sr„ dr„ 


) = 2 


dydz 

d 2 s 


yy 


dy dz dx dy dxdz 
YpaBHeHHfl coBMecTHOCTH nojiynHJiH CBoe Ha3BaHne H3 reoMeTpnnecKoro 
CMBicna. Ecjih Tejio no ne(J)opMau,nn Mbicjienno pa36nTO Ha sjieMeHTapHbie odbeivibi, 
to npn npOH3BOJibHOM 3anaHHH mecTH KOMnoHeHT ne(J)opMan,nn H3 hhx nanee 
HeB03M0>KH0 cjiokhtb Hepa3pbiBHoro (6e3 3a30p0B h Hano>KeHHH) Tena. Ecjih no 
3anaHHbiM BHeniHHM CHJiaM HaHneHbi KOMnoHeHTbi nepeMememni (3anana perneHa b 
riepeMeuiciiMax), to ycjiOBHn Hepa3pbiBHOCTH ynoBJieTBOpaiOTai a b to m aT h h e c k h . 
Ecjih no aanainibiivi Harpy3KaM naMneiibi komhohchtbi HanpjDKeHHH (aanana perneHa 
b HanpajKemnix), to ypaBHeHHa cobmccthocth HeodxonnMO ynoBJieTBOpHTb. 

Hcnojib3ya 3aKOH Tyxa (E3), mo>kho npeo6pa30BaTb ycjiOBne (2.1) h nojiywrb 
cooTHomeHHe, KOTOpOMy noa’/Kiibi ynoBJieTBOpaTb KOMnoHeHTbi nanpa’/KeiiHH. B 
cjiynae njiocKoro nanpa>Kennoro coctohiihh 


^ = ^(cr x -vcr y ); £ y =^( cr y - VCJ x); 


2(1 + v) 
/>,= — - — ^ 


xy 


IloncTaBJiaa 3 th BbipanceHHii b ypaBHeHHe (2.1), iiaxonHM 



(2.3) 


d 2 d 2 d 2 r 

^ ( ^-- y) + — K-^ x ) = 2(1 + v ) a -^ 

3to ypaBHeHHe mo>kho nepenncaTB, ecan BoenoaB30BaTBca yp aBHetmaMH 
paBHOBecHa. IIpoflH(J)(f)epeHu,HpyeM ypaBHemia paBHOBecna 


da dr x 


+ 


dx dy 
da dr 


= 0 no x 


av a 2 r 


+ 


= 0 


+ ^^ = 0 no y 
dy dx 

n cjio5khm nx. IIoayHHM 2- 


dx~ dxdy 

d 2 a d 2 r 

'' + — " = 0 


a 2 r . 


dy- dxdy 
, d 2 a. da v 


dxdy dx 2 dy 2 
Ilo^CTaBHB 3 tot pe3yaBTaT b ypaBHeHne (2.3), noayaHM ycaoBHe 
eoBMecTHOCTH b HanpaaceHnax ana naocicoH 3aaann b Bnae 

, a 2 a 2 , . 

(jT + JT ) (°'. +0 V ) 
dx dy 


OnepaTOp 


a 2 a 2 

+ 


= V 2 Ha3BiBaeTca onepaTOpOM JIanaaca BTOporo nopa^Ka. 


dx ' dy~ 

TaKHM o6pa30M, noaynaeM V 2 (cr x + a y ) = 0 (2.4) 

/Jaa naocKoro HanpaaceHHoro cocToaHHa CHCTeMa ypaBHeHHH TeopHH 
ynpyrocTH b HanpaaceHHax HMeeT bmh 

da dz x 


+ 


dx dy 
da. dr.. 


= 0 


+ 


xy 


= 0 

ay dx 
V 2 (cr + a) = 0 


(2.5) 


B cayaae naocKoii ae(})opMauHH HMeeM a z — via.. + a y ) . HcnoaB3ya 3to 
cooTHomeHHe, H3 3aKOHa Tyica HaxoflHM 

^ =^[(1-v 2 )cj x -v(l + v)a y ]; 

£ y = ^[(l-v 2 )a y -v(l + v)crj; (2.6) 

Fj 

2(1 + v) 

7 xy~ c T xy 



BbinoaHaa Ty ace noeae^OBaTeabHOCTb /ichctbhh, hto h b caynae naocicoro 
HanpaaceHHoro cocToaHHa, npHxo^HM k BbiBO^y, hto npH naocicoH ^ecj)opMau,HH 
ypaBHeHHe cobmccthocth coxpaHaeT bh# (2.4). 

YpaBHeHHa paBHOBecna h cobmccthocth BMecTe c rpaHHHHbiMH ycaoBHaMH 
^aiOT CHCTeMy ypaBHeHHH, KOTOpaa o6bihho aocTaTomia ana noanoro onpeaeaenna 
pacnpe^eaeHHa HanpaaceHHH b ^ByMepHOH 3aaaHe. YpaBHeHHa He coaepacaT 
ynpyrnx KOHCTaHT. CaeaoBaTeabHO, pacnpeaeaenne HanpaaceHHH oyaeT 
o^HHaKOBbiM aaa Bcex H30TponHbix MaTepHaaoB. ^amioe aaKmoweiiHe oSaaaaeT 
npaKTHnecKOH BaacHOCTbio. Ha 3tom ocHOBaHO onpeaeaenne HanpaaceHHH 
onTHnecKHMH MeTO^aMH c Hcnoab30BaHHeM noaapH30BaHHoro CBeTa h onrawecKH 
np03panHbix MaTepHaaoB. 


2.2. OyHKitHH nanpH/KeHHM ^jih iliiockoh 3aaaHH. 

PemeHHe nByiviepiibix aaaan b HanpaaceHHax CBoaHTca k OTbiCKaHHK) Tpex 
(J)yHKu,HH <r x (x,y), cr y (x,y) h r xy (x,y) H3 Tpex ypaBHeHHH (2.5) BMecTe c 

rpaHHHHbiMH ycaoBHaMH. OobiniibiM MCToa pemeHHa 3thx ypaBHeHHH coctoht bo 
BBe,neHHH HeKOTOpoii hoboh c[)yHKu,HH, Ha3biBaeMOH (j)yHKLi,HeH HanpaaceHHH 
((J)yHKu,HeH 3pn), onpeaeneHHbiM o6pa30M CBa3aHHOH c TpeMa hckombimh 
foyHK TT HaMH. 

JlerKO npOBepHTb, hto ypaBHeHHa paBHOBecna yaoBaeTBOpaiOTca, ecan bbccth 
fjiyHK TT HTO <p(x,y), KOTOpaa CBa3aHa c KOMnoHeHTaMH HanpaaceHHH caeayiouniMH 




IloflCTaBJiflfl Bbipa'/KeiiHH (2.7) ^jih KOMnoHeHT HanpjDKeHHJi b ypaBHeHHe 

COBMeCTHOCTH, HaXOflHM, HTO (J)yilKUHH HanpJDKeHHH flOJDKHa y^OBJieTBOpBTB 
ypaBHeHHK) 


gv , 2 gv , gv =Q 

^4 ^ 2 2 n 4 

ox ox oy dy 


(2.8) 


HJIH (^t + ^t)[(^t + ^t)^] = 0, OTKy^a V 2 [V 2 (<p)J = 0,T.e. V> = 0. 
ox oy" ox oy" 

OnepaTOp V 4 nasbiBaeTCH 6 h r a p m o ii h h e ck h m . 


2.3. IIjiocKaH 3a/jaHa b UHJiHH/ipHHecKHX Koop^HHaTax. 

ITo aHanorHH c (2.5) CHCTeMy ypaBHeHHH TeopHH ynpyrocTH b 
PHJIHH flpHHeCKOH C H CT6 M 6 KOOpflHHaT MO'/KIIO 3anHCaTb B BH^ei 

cr -ox, 


da 1 dr „ 

P _|_ x pS P_ 


dp p d6 


= 0 


p 


dr 


p8 


+ 


1 <3ox 2r 


+ 


P8 


dp p d6 p 
' V 2 (a +<7,) = 0 


= 0 


Oymcpmo nanpa’/KeiiHH, yzjOBjieTBopjnomyio ycjiOBHio 

a> „ d 4 (p d A (p . 

g + 2 7 h g = 0 

<9x <9x"<9y" <9y 

Ana cjiynaa uHamiapHHecKOH c h ctc m bi KOopamiaT, mo'/Kiio noayHHTb H3 caeayiomux 
cooopa’/KeiiHH. 

Bocnoab3yeMCB (J)opMyaaMH nepexoaa ot npBMoyronbHbix KOopannaT k 

PHJiHH^pHHecKHM: p 1 — x 2 + y 2 ; 0 = arctg— . 

x 

OTCiofla 2o>— = 2x; — = — = cos0 ; 

dx dx p 


x 


dO d y 

& = fe [arCtg( x )1 = y + ( y, x‘ + y‘ 


P 


sin# 

P 


x 


tt So y . _ dO d _ .y xn x cos# 

M aHanorHHHO — = — = sin 0 ; — = - — [arctg(— )] = — = . 

dy p dy dy x p p 

TaKHM o 6 pa 30 M, ^jih jik> 6 oh <j>yHKipm (p(x, y) b nojiapHbix KOopnnnaTax 

cpipcosO, psin#) nonynaeM 



dcp dcp dp dcpdO _ dcp 1 . n dcp 

— = —— + — — = cos#— sin #— 

dx dp dx dO dx dp p dO 

r) 2 

Htoobi HaiiTH Bbipa/Kenne ana ° 

aH(J)(f)epeHn,HpOBaHHa. Toraa 

d 2 (p , _ d sin# d w ^a® sin#a<z\ 

7TT = (cos#- — )(cos 0 ^- = 

dx 


dx 


2 5 


noBTOpHM onepaunio 


dp p dO 


dp p dO 


„ d , „d(p^ sin# d , „dcp^ _ 6 ^sin Odcp s sin# d ^sin Odcp x 

= cos 0 — (cos#— ) (cos#—) - cos# — ( -) + ( -) = 

dp dp p dO dp dp p dO p dO p dO 

d dcp d dcp sin# d a dcp d dcp 

dp dp dp dp p dO dp dO dp 

-cos#[— (— )sin#— + — (sin#) — — + — (— )— sin#] + 
dp p dO dp p dO dp dO p 

1 ■ nr d A \ ■ n d( P 5 / • a\ 1 d( P 5 ficp 1 . m 

H — sm#[ — (-)sm#— H (sin#) — + — (— )— sin#] 

p dO p dO dO pdO dO dO p 


Bbirioaiiaa yKa3aHHbie aeiicTBiia, nonyHHM: 

d 2 cp , _ d sin# d w „dcp sin Odcp, 

— V = (cos# )(cos#^- — ) = 

ox 


dp p dO 


dp p dO 


2 n d 2 cp d 1 dcp sin# d dcp sin# d . dcp 

= cos" # — V “ cos#sin# — ( -) (cos#—) + — (sin#—) 

dp 2 dp pdO p dO dp p 2 dO dO 

ITocne HeSojibinnx npeo6pa30BaHHH 3 to cooTHomeHne npHBoanTca k Bnay 


d 2 cp 2 a d 2( P • 2 /),!^ 1 d 2 <P 

— V = cos # — - + sin" #( — + — — v 

dx dp- p dp p- dO - 


AiianoriiHiio naxoanM 


d 2 cp 


d 2 cp 


1 dcp 1 d 2 cp 


+ 


= sin 2 # — ^- + cos 2 #(- 
dy- dp- p dp p 1 dO 1 


) - 2sin#cos#— (— — ) 
dp pdO 


) + 2sin#cos#— (— — ) 
dp pdO 


d 2 cp nA^V 1 d 2 cp d 2 cp , . , m d 1 dcp 

= sin#cos#(— — + — — - — ) - (cos- # - sin- #)-(-—) 


dxdy p dp p 2 dO 2 dp 2 ' '#/?>##' 

Cao'/KHM noHJieiiiio Bbipa>KeiiHa BTOpbix iiponiBoanbix no x n y. IIojiynHM 

d 2 cp d 2 cp d 2 cp 1 dcp 1 d 2 cp 


+ 


+ 


+ 


chr dy- dp- p dp p d0~ 


HJIH 


a 2 a 2 a 2 1 a 1 a 2 x 

- (t 2 + —^ + 


dx- dy- 


dp p dp p- dQ~ 



n 5 2 d 2 

OTCKD^a r + 


a 2 i a i a 2 
+ + 


dx 2 dy 1 dp 1 p dp p 1 dO 1 

3to cooTHomeHHe noKa3biBaeT cooTBeTCTBHe onepaTOpOB JIannaca b 
aeKapTOBbix h noaapHBix KOopamiaTax. 

TaKHM o6pa30M, ypaBHeHHe cobmccthocth b noaapHbix KOopamiaTax 


a 


i a i 

+ — + 


(3T^ + — ~ 


a 2 . ,d 2 (p i d(p i a 2 ®. _ 

-Kt-t + = 0 


(2.9) 


dp~ p dp p~ d0~ dp~ p dp p d0~ 

IIoflCTaHOBKOH b an(J)(J)epeHi],HanbHbie ypaBHeHHa paBHOBecna aerKO noKa3aTB, 
HTO B U,HJIHHflpHHeCKHX KOOpflHHaTaX MOKfly c|)yiIKUHeH Iianpa’/KeilHH H CBMHMH 
HanpjDKemMMH cymecTByiOT caeayiomne cb 5I3 h: 

1 dcp 1 d 2 cp 


(7 


p dp p 2 dO 2 
' d 2 (p 

dp 2 

a i dcp 


= 


■ pe 


= - — ( 


dp p dO 


) 


( 2 . 10 ) 


2.4. OcecHMMeTpHHHaH 3aaana b HanpH/KemtHx. 

Ecjih KOMnoHeHTBi nanpa’/KeiiMH h, caeaoBaTeabiio, c})yiiKHna HanpjDKeHHH, He 
3aBHcaT ot yrjia 0, a KacaTeabHoe HanpaaceHHe r „ = 0, ypaBHeHHe eoBMecTHOCTH 

npHHHMaeT bhh: 

.a 2 1 d ..d 2 (p 1 dcp. d 4 (p 2d 2 (p 1 d 2 (p 1 d(p _ ..... 

(t“T + — t-)(t-t + — t-)-T“T + — rr + (2-11) 

dp p dp dp p dp dp p dp p dp p dp 

3to oSbiKHOBeHHoe flH(J)(J)epeHu,HajibHoe ypaBHeHHe, KOTOpoe mo>kho npHBecTH 

k jiHHeiiHOMy a h c|) c}) e p e n u h a a b n o m y ypaBHeHHio c hoctohiiiibimh ko 3 cj) cj) h u h e 1 1 Ta m h , 

ecan BBecTH HOByio nepeMeHHyio t c noMombio 3aBHCHMOCTH r = e l . TaKHM nyreM 

mo>kho noayHHTb o6iu,ee pemeHHe ypaBHemia (2.11). 3to pemeHHe coaepacHT 4 

nocTOHiiiibix HHTerpHpOBaHHs, KOTOpbie MoryT 6biTb onpeaeaeiibi H3 rpaiiHHiibix 

ycaoBHH. 06iu,hh HHTerpaa ypaBiienna ecTb 

cp — Ain p + By> 2 In + Cy> 2 + D (2.12) 

B 3tom aereo ySeanTbca noacTaHOBKOH b ncxoaHoe an(J)(J)epeHu,HaabHoe 

ypaBHeHHe (2.1 1). 

^ = — + 2Bpln p + Bp + 2C p ; ^ = -Ar + 2Bln p + 3B + 2C ; 
dp p dp~ p “ 



d 3 (p 
dp 3 p 3 


2A 2B 
+ — 

P 


d 4 (p 

fy 4 


6A 2B 

4 2 

P P 


6A 2B 2 ,2B 2A X 1 / ^ 1 A 

7 7 + -(— + —) -(2Bln p + 3B + 2C) + 

P P~ P P P P~ P~ 

1 .A „ ^ , 6A 2B 4B 4A 2Blnp A 

— (- + 2Bplnp + Bp + 2Cp) = 7 r + — + — t^ + ~ 

P P p p- p- p p~ 


3B 
.2 


2C A 

— + — r + 


P P~ P P 

2Bln p B 2C _ 

+ P- + —T + — T = 0 

_2 2 2 

P P P 

CornacHO (2.10) KOMnoHeHTBi HanpaaceHHH 

cr = -^ = A + B(1 + 2 In p) + 2C 
' p dp p 

£ A (2J3) 

<r„=— ? = - + B(3 + 21n p) + 2C 

3 / 9 - p 

Ecjih b Hanaae KOopamiaT HeT OTBepcraa, riocToainibie A h B oSpamaiOTca b 
Hyab; b npOTHBHOM cjiynae KOMnoHeHTBi HanpaaceHHH npH p=0 CTaHOBaTca 
HeorpaHHneHHO OojibiHHMH. CjieaoBaTejibHO aJia naacTHHbi 6e3 OTBepcraa mo'/KCt 
cymecTBOBaTb tojibko o^ho nojiapHO-CHMMeTpHHHoe pacnpeaejieHHe Hanpaacemm, 
npH KOTOpOM <j =(7 g = const h naacTHHa HaxoanTca b ycjiOBHax oaHOpoaHoro 

cacaTHa hjih pacTaaceHHa bo Bcex HanpaBJieHHax b CBoeii iliiockocth. 

Ecjih b Hanajie KOOpaimaT HMeeTca OTBepCTHe, to H 3 ypaBHeHHH (2.13) Moamo 
nojiyHHTb h apyrne pemeima, otjihhhbic ot oanopoanoro pacTaaceHHa hjih caca raa. 
npHHHMaa B=0, hto cooTBeTCTByeT peuieHHio 3 aaaHH b nepeMememiax, npHBoaHM 
ypaBHeHHa (2.13) k BHay 


A A 

<r = — + 2C ,---cr = + 2C 

p p~ 


(2.14) 


3to pemeHHe Moamo Hcnojib30BaTb aJia oriHcanna nojia HanpaaceHHH b nojiOM 
PHJiHHape, noaBepaceHHOM aeiiCTBHio paBHOMepHoro aaBJiemia Ha BHyip erniei! h 
BH eiHHeH noBepxHOCTax (pemeHHe npHHaaJieacHT JIaMe). CoxpaHaa o6o3HaneHHa, 
npHBeaeHHbie Ha pnc. 1.10, 3annmeM rpaHHHHbie ycjiOBHa: 

(^ X- =-Pa»*”(crPp=R b =-Pb 

EloacTaBJiaa rpaniimibie ycjiOBHa b nepBoe H3 ypaBHeHHH (2.14), nojiynaeM 
cjieayiomHe cooTHomeHHa aaa onpeaeJieHHa A h C: 


A 


A 


— T 2C — — p , • • — — + 2C — — p. 

R 2 ^ a ’ R 2 rb 



OTCioaa caeayeT, hto A 


R;R;(p b -p a ) 

Rt - R 2 


,-2C = 


R 


p b R; 


R - R 


KoMnoHeHTBi nanpaacennii coraacHO (2.14) 6yayr 


C 7 - 

P 


RlR b (P b -P a ) 1 , Pa R a 2 “P b R 


R - R : 


+ 


P 


R - R : 


■CJn 


RX(p b -p a )J_ + pR:-p b R b 


R -R 


p 


R -R 


(2.15) 

CaeayeT otmcthtb, hto no Been Toamnne caeiiKH Hnannapa cyMMa cr p + cr 0 
nocToanna. CaeaoBaTeaBHO, HanpaaceHHa cr n < j g BBi3BiBaiOT oanopoanoe 

pacTaaceHne nan cacarae b HanpaBaeHnn ocn Hnannapa, n rioriepeHiiBie cenemia, 
nepnenaHKyaapiiBie ocn nnannapa, 6yayT ocTaBaTBca naocKHMH. TaKHM o6pa30M, 
nec})op Manna, npoH3BoanMaa HanpaaceHnaMH <j n <j e b aaeMeHTe nnannapa, 


BBipe3aHHOM aoyMa CMeacHBiMH noriepemiBiMH ceaeHnaMH, He BanaeT Ha 
aecj)opManHK) coceaHHx 3aeMeHTOB. 3 to onpaBaBiBaeT npHHaTne ana 3Toro 
aaeMeHTa ycaoBHH naocKoro HanpaaceHHoro cocToaHHa. PaanaaBHoe nepeMeinemie 
u MoacHO HaiiTH H3 ycaoBHa naocKoro HanpaaceHHoro cocToaHHa, HMea b BHay, hto 

£ e =— h E s e =o g -vo 
P 

B aacTHOM caynae, Koraa p b = 0 h nnaHHap HaxoanTca noa BHyrpeHHHM 
aaBaeHHeM, BBipaaceHHa (2.15) npHHHMaiOT BHa 


R a 2 p a 


R; 


R a 2 P a 


R: 




R b -Ri 


P 


R -R 

b a 


(2.16) 


P 


B 3tom caynae paanaarnBie HanpaaceHHa Bceraa cacHMaiomne, a 
TanreimHaaBiiBie - pacTarHBaioinHe. IIocaeaHHe npHHHMaiOT m a k c n m an b n o e 
3HaaeHHe Ha BHyrpeHHeH noBepxHOCTH ctchkh nnannapa, rae 


K) max 


PJK ■ R i.) 

R b -R 2 


(2.17) 


HanpaaceHne ( cr 0 ) max Bceraa HHcaeHHO npeBBimaeT BHyTpeHHee naBaenne h 
npHSanacaeTca k HeMy no BeanaHHe c poctom R b . CaeaoBaTeaBHO ero HeaB3a 
caeaaTB HHace p a , ckohbko 6bi hh yBeaHHHBaaacB Toam,HHa ctchkh. Pa3aHHHBie 
npHaoaceHHa ypaBHeHnil (2.16) h (2.17) npn npoeKTHpOBaHHH MamnH ronaraiOTca 
o6bihho b aaeMeHTapHBix Kypca conpOTHBaeHna MaTepnaaoB. 



